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This white paper develops a unified framework for adaptive multi-asset portfolio construc-
tion that integrates statistical arbitrage detection, regime-aware allocation, and optimal
execution. We cover the complete pipeline from pair selection via cointegration and spectral
clustering, through portfolio construction with risk parity and sparse PCA, to optimal
execution and liquidation under the Almgren—Chriss framework with market impact. The
adaptivity comes from Hidden Markov Models (HMM) for regime detection and Hawkes
processes for modelling self-exciting order flow. We derive optimal stopping rules for
strategy entry/exit and demonstrate the complete system on multi-year backtests with
realistic transaction costs. All core algorithms are implemented in the optimiz—rs Rust
library, enabling real-time portfolio management for institutional-scale portfolios.

Prerequisites

Required background: Linear algebra (eigenvalues, spectral decomposition), probability
theory, basic optimisation (Lagrangian, convexity). Familiarity with time series analysis
(AR, MA processes) is helpful. Section 2 provides a self-contained review of all necessary
concepts.
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1 Introduction

1.1 Historical Context: The Evolution of Portfolio Theory
1.1.1 Era 1: Mean-Variance and the Birth of Modern Finance (1952-1964)

Harry Markowitz’s seminal 1952 paper “Portfolio Selection” transformed investing from an
art into a science by formalising the trade-off between expected return and risk (measured as
variance). The key insight: investors should evaluate portfolios, not individual securities, because
diversification reduces risk without necessarily reducing expected return.

The mathematical framework introduced the efficient frontier—the set of portfolios achiev-
ing the maximum expected return for each level of risk. Sharpe (1964) and Lintner (1965)
extended this to the Capital Asset Pricing Model (CAPM), which prices assets via their
covariance with the market portfolio:

B Cov(ri, Tm)

E[ri] = = Bi(Elrm] —rp), B = () (1)
Limitation: The CAPM assumes constant parameters and a single-period framework—both
wildly unrealistic for real markets.

1.1.2 Era 2: Multi-Factor and Bayesian Approaches (1976-1992)

Ross (1976) introduced Arbitrage Pricing Theory (APT), replacing the single market factor
with multiple systematic risk factors:

K
ri=o+ Y Bifr + e, (2)
k=1

where fj, are economic factors (growth, inflation, credit, etc.). Fama and French (1993) op-
erationalised this with their three-factor model (market, size, value), later extended to five
factors.

Black and Litterman (1992) addressed the estimation error problem by combining the CAPM
equilibrium with subjective views in a Bayesian framework:

per = [(r2) 7L+ PP (D) i + PR ), (3)

where 7 is the equilibrium return, P is the view matrix, ¢ the view returns, and €) the view
uncertainty.

1.1.3 Era 3: Risk Parity and Post-Crisis Allocation (2000-2015)

The 2008 Global Financial Crisis exposed the fragility of concentrated equity-heavy allocations.
Risk parity (Qian 2005, Maillard et al. 2010) emerged as an alternative that equalises each
asset’s contribution to total portfolio risk, avoiding the need to estimate expected returns—the
largest source of error in Markowitz optimisation.

Simultaneously, the rise of ETFs and electronic trading made statistical arbitrage at scale
feasible. Pairs trading, cointegration-based strategies, and momentum/mean-reversion hybrids
became standard tools for quantitative funds.
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1.1.4 Era 4: Adaptive and Machine Learning Methods (2015—present)

Current approaches combine traditional finance theory with modern statistical methods:

» Regime detection via Hidden Markov Models (Hamilton 1989, Ang & Bekaert 2002) enables
portfolios to adapt in real time to changing market conditions.

o Self-exciting processes (Hawkes 1971) capture order-flow clustering and flash-crash dynam-

1CS.

¢ Spectral methods from graph theory provide principled asset clustering.

o Optimal stopping theory (Peskir & Shiryaev 2006) gives mathematically rigorous entry /exit
rules for mean-reverting strategies.

This paper integrates all four generations of portfolio theory into a single production-ready

system.

1.2 Notation

Symbol

Meaning

d
w e R
= Rdxd
u € R?
re € R4
L=D-W
A2
0, pou, cou
St
Aij
%(k)
At)

Number of assets

Portfolio weight vector (w'l = 1)

Return covariance matrix

Expected return vector

Asset return vector at time t

Graph Laplacian

Fiedler value (algebraic connectivity)
Ornstein—Uhlenbeck parameters (speed, mean, diffusion)
Hidden Markov state (S; € {1,...,K})

HMM transition probability (i — j)

HMM filtering posterior: P(S; = k| Y1)
Hawkes process intensity

Branching ratio (= a/3 for exponential kernel)
Optimal stopping time

Conditional Value-at-Risk at level «
Implementation shortfall for trade size Q)

Table 1: Principal notation used throughout this paper.

1.3 Contributions

Modern portfolio management operates in an environment of shifting market regimes, time-
varying correlations, and non-trivial execution costs. The classical Markowitz mean-variance
framework, while foundational, is insufficient because:

1. Parameter instability: Expected returns and covariances estimated from historical data are
notoriously unstable. A small estimation error in expected returns can lead to dramatically
different optimal portfolios.
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2. Regime dependence: Correlations increase during crises (“correlation breakdown”), invali-
dating static covariance estimates. A portfolio optimised in a low-volatility regime may be
catastrophically exposed in a crisis.

3. Execution costs: Rebalancing a large portfolio incurs market impact, which classical models
ignore. The optimal analytical portfolio may be unreachable after accounting for trading
costs.

4. Multi-scale dynamics: Some signals operate at intraday frequencies (order flow imbalance),
others at daily (momentum), and others at monthly (value, carry). Combining them requires
a coherent multi-scale framework.

This paper addresses all four challenges through an integrated system combining: modern
statistical methods (cointegration, HMM, point processes), optimisation theory (convex, sparse,
spectral), and optimal control (stopping, execution). Our specific contributions are:

1. Pair selection via spectral methods: We use the graph Laplacian and Fiedler decomposi-
tion on correlation/cointegration networks to identify optimal trading clusters.

2. Regime-aware allocation: Hidden Markov Models detect market regimes in real-time, and
portfolio weights adapt accordingly.

3. Optimal entry/exit: We derive analytical stopping rules for mean-reverting pairs using
Ornstein—Uhlenbeck theory.

4. Self-exciting risk management: Hawkes processes model the clustering of market events,
providing early warning for regime transitions.

5. Production implementation: All algorithms in Rust with 20-100x speedup, enabling
real-time portfolio management.

2 Mathematical Prerequisites

2.1 Spectral Theory of Graphs

Definition 2.1 (Graph Laplacian). For a weighted undirected graph G = (V, E,w) with n
vertices, the graph Laplacian is the n x n matrix L = D — W, where W;; = w(i, ) is the

adjacency (weight) matrix and D = diag (Zj W,-j) is the degree matrix.
Key properties:
e L is positive semi-definite: all eigenvalues 0 = A1 < g < -+ < Ay,

e The Fiedler value )y measures algebraic connectivity: larger Ao means a more tightly
connected graph.

o The Fiedler vector (eigenvector of \y) provides the optimal 2-way partition of the graph
(spectral clustering).

Proposition 2.1 (Positive Semi-Definiteness of L). For any vector z € R":

' Lr = Z wij(x; — xj)2 > 0. (4)
(i,9)EF



2 MATHEMATICAL PREREQUISITES HFThot Research Lab

Proof. Expand the quadratic form using L =D — W:

' Lx =2'Dx —2'Wzx = E dix? — Z (R

= Z (Z wij> x? - Zwijxixj wa x + :C — 2x;x5)
; , r

7]

- 72% 2> 0, (5)

since w;; > 0 and (x; — x;)? > 0. Equality holds if and only if z; = x; for all edges (i, j), i.e., x
is constant on each connected component. In particular, A\; = 0 with eigenvector 1. ]

Remark 2.1 (Normalised Laplacian). The symmetric normalised Laplacian Ly, = D~'/2LD~1/2 =
I — D™'Y2WD~1/2 has eigenvalues in [0,2]. The random walk Laplacian L, = D~'L =
I — D~'W has the same eigenvalues as Lgym and its eigenvectors are the stationary distributions
of the random walk on G. For spectral clustering, Lgym is preferred because it normalises for
degree heterogeneity (some assets are more correlated with everything).

2.2 Convex Optimisation

Theorem 2.1 (KKT Conditions). For the problem min f(x) s.t. gi(x) < 0, hj(x) = 0, the
optimal x* satisfies:

Vf +Zu,ng —i—Zu Vh;( (6)

uz-gi(ﬂf )=0, uf =0, giz")<0. (7)

For portfolio optimisation, the objective is typically convex (risk minimisation) and the
constraints are linear (budget, long-only, sector limits), ensuring the KKT conditions are necessary
and sufficient.

2.3 Ornstein—Uhlenbeck Process

The OU process is the workhorse of statistical arbitrage:
dX; = H(M_Xt) dt + o dW,. (8)
Key quantities for trading;:

 Half-life: ¢, = 72 (time for expected reversion to midpoint).

o Stationary distribution: X, ~ ,/\/'(,u7 g—;)

2

o Transition density: X; | Xy N/\/‘(,u + (Xo — p)e 21— 6—2915)).

2.3.1 Maximum Likelihood Estimation for Discrete Observations

Given observations Xy, X1,..., Xy at equal intervals At, the conditional distribution is:
Xt | Xo ~ N (a+bX,, 57) 9)

where b = e %2t a = p(1 —b), and 5% = g—;(l —b?).
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The log-likelihood is:
N 1 =
_ 2 2
L0, p,0) = =~ In(2ns7) — 55 n§:0 (Xng1 —a—bXp)". (10)

Step 1: Maximise w.r.t. a and b (linear regression of X, ;1 on X,,):

Zn(Xn - Xlag)(Xn+1 - Xlead)

b= i . 4= Xjead — b Xiag. (11)
Zn(Xn — X]a,g)2 ea ag
Step 2: Recover OU parameters:
~ Inb a 20 52
0=——, f= -, 6= 12
A MU 1 b2 (12)

where 82 = L 3 (Xpq1 — a — bX,,)2
Step 3: Standard errors via the Fisher information matrix:

N . [ 2 6 1
se(0) =~ 0/ —, se(fl) v ——, se(d)=
O~y sel@)~ 5. se(d)

Practical Application

Diagnostic checks after OU estimation:

(13)

g

1. Stationarity: Verify b < 1 (equivalently § > 0). If b > 1, the spread is a random
walk—do not trade.

2. Half-life range: Accept pairs only if ¢, € [2,30] days. Too fast (< 2d) incurs
excessive cost; too slow (> 30d) ties up capital.

3. Residual normality: Jarque-Bera test on &, = X411 —a — BXn. Non-normality
suggests jumps or regime switching in the spread.

4. Parameter stability: Rolling-window estimation over 63-day sub-windows. If cv(é) >
0.5, the pair is unstable—reduce position size.

HFThot Lab Reference

The OU parameter estimator is in optimiz-rs/src/statistical/ou_estimation.rs
using maximum likelihood: (é, fi,6) from discrete observations. Python bind-
ing: optimizr.estimate_ou_params(data, dt). The Mean Reversion Lab
(app/pages/lab_mean_reversion.py) demonstrates OU estimation and trading on crypto
pairs.

3 Cointegration and Statistical Arbitrage

3.1 Engle-Granger Two-Step Method

Two time series P! and PP are cointegrated if there exists 3 such that the spread Z; = PA—PP
is stationary. The procedure:

1. Regression: PA = o + PP + Z;. Estimate § by OLS.
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2. Stationarity test: Apply Augmented Dickey—Fuller (ADF) test to residuals Zy. If test
statistic < critical value = cointegrated.

The ADF test for Z;:
p
AZy = ¢Zy 1+ Z MWAZy_j + €y, (14)
k=1

with null hypothesis Hp : ¢ = 0 (unit root, not stationary) vs. Hj : ¢ < 0 (stationary).

3.2 Johansen Method for Multiple Assets

For d > 2 assets, Johansen’s method tests for the number of cointegrating relationships using the

VAR(p) representation:
p—1
APy =TIP;_y + > TRAP,_; + &, (15)
k=1

where II = a8’ and the rank r of II equals the number of cointegrating vectors. The columns of
[ are the cointegrating relationships; the columns of « are the adjustment speeds.

3.2.1 Trace and Maximum Eigenvalue Test Statistics

Johansen’s method estimates Il by reduced-rank regression and tests the rank via two likelihood
ratio statistics. Let 5\1 > 3\2 > > S\d be the squared canonical correlations between AP; and
P, (after partialling out lagged differences).

Trace test (Hp: rank < r vs. Hy: rank > r):

d
Aprace(r) = =T > In(1 - Xy). (16)
i=r+1

Maximum eigenvalue test (Hy: rank = 7 vs. Hy: rank = r + 1):

~

Amax(r) = =T'In(1 — A\py1). (17)

The testing proceeds sequentially: test » = 0, then r = 1, etc., stopping at the first non-
rejection. Critical values are tabulated by Johansen (1991) and depend on the number of assets
d and the deterministic specification (constant, trend).

Practical Application

Johansen test in practice:
1. Select the VAR lag order p via BIC on the VAR in levels.

2. Run Johansen with the “constant in cointegrating relation” specification (typical for
financial spreads).

3. Use both trace and max-eigenvalue tests; if they disagree, prefer the trace test (higher
power in simulations).

4. For d = 3 assets with T' = 252 daily observations, critical values (5%) are: Agrace(r =
0) = 29.80, Atrace(r = 1) = 15.49, Agrace(r = 2) = 3.84.
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Key Insight

In a universe of d assets, there can be at most d — 1 linearly independent cointegrating
relationships. A portfolio of d assets with r cointegrating vectors has r mean-reverting
spreads and d — r random-walk components. The larger r relative to d, the more the
portfolio behaves as a stationary system.

3.3 Spread-Based Trading Strategy
Given a cointegrated pair with spread Z; ~ OU(0, u, 0):

7, —
z-score, = LK (18)

o/vV26’
o Entry long: z-score; < —Zentry (typically Zentry = 1.5-2.0).
e Entry short: z-score; > zentry.
o Exit: |z-score;| < zexit (typically zexit = 0.5).
o Stop loss: |z-scoret| > zgop (typically zgop = 3.5-4.0).
Pair selection criteria (production filters):
1. ADF p-value < 0.05 (statistically significant cointegration).
2. Half-life € [2,30] days (fast enough to trade, slow enough to execute).
3. Hedge ratio 8 € [0.3,3.0] (avoid extreme ratios).
4. Average daily volume > $10M each leg (sufficient liquidity).

5. Rolling cointegration stable over last 3 recalibration windows.

Worked Example: SPY-QQQ Cointegration Analysis

Consider the pair SPY (S&P 500 ETF) and QQQ (Nasdaq 100 ETF) over 2023-01-01 to 2024-01-01
(252 trading days).
Step 1 — OLS regression: SPY; = a + 8 QQQ; + Z;.

a=724, [=1.18, R?>=0.973.

Step 2 — ADF test on residuals Z,=SPY, —72.4—1.18 QQQ;:

Test ADF statistic 1% critical 5% critical p-value
ADF (lags=5) —3.42 —3.44 —2.87 0.011

Result: reject Hy at 5% (p = 0.011 < 0.05) but not at 1%. The pair is marginally
cointegrated. In production, we require p < 0.05 for entry.

Step 3 — OU estimation on Z;: § = 8.2 (annual), o = 0.0, 6 = 4.1.

Half-life: ¢,/ = In2/8.2 = 0.085 years ~ 21 trading days.

10
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Stationary std: oz/V/20 = 4.1/1/16.4 = 1.01.

Step 4 — Trading signals: Entry at |z-score| > 1.5 = |Z| > 1.52. Over the sample, this
triggers 7 round-trip trades with average holding period 14 days and return per trade of +0.48%
(before costs) on the spread notional.

4 Spectral Methods for Asset Clustering

4.1 Correlation Network Construction

Given d assets with return series 7}, ... ,rf, construct the correlation matrix p € R4*?¢. The
correlation distance (Mantegna, 1999) is:

dij = \/2(1 — pij), (19)

which satisfies the triangle inequality and maps perfectly correlated assets (p = 1) to distance 0
and uncorrelated assets (p = 0) to distance v/2.

Proposition 4.1 (Metric property). The correlation distance d;j = /2(1 — p;;) is a true metric
on the space of centred, unit-variance random variables.

Proof. Non-negativity and identity are immediate. Symmetry follows from p;; = p;;. For the
triangle inequality, note that d%j = 2(1 — p;j) = E[(X; — X;)?] for standardised returns X;. Since
| - |lz2 is a norm:

dij = | Xi — Xjllr2 < |1 X — Xillp2 + [ Xk — Xl 2 = dig + di;-
O

We construct a weighted graph via the Gaussian affinity: W;; = exp(—dlzj /(2h?)) with
bandwidth h.

4.1.1 Minimum Spanning Tree Filtering

For large universes (d > 50), the complete graph is dense and noisy. The Minimum Spanning
Tree (MST) retains only d—1 edges while preserving the essential topological structure (Mantegna,
1999):

Algorithm : MST-Based Network Filtering

1: Compute all pairwise distances d;; = y/2(1 — pij)

2: Build MST via Kruskal’s algorithm (sort edges, greedily add if no cycle)

3: The MST reveals the hierarchical taxonomy of assets

4: Identify clusters as connected components after removing edges with d;; > dinreshold

=

4.1.2 Bandwidth Selection

The bandwidth / in the Gaussian affinity W;; = exp(—d?j /(2h?)) controls the scale of connectivity.
We use the self-tuning approach (Zelnik-Manor & Perona, 2004):

d2.
Wi’ = exp (— Y > s hz‘ = di,Krma (20)

hih;

11
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where d; k,, is the distance to asset ¢’s K,,-th nearest neighbour. This allows each asset to have
its own local scale, handling heterogeneous correlation structures (e.g., crypto pairs have internal
correlations > 0.8 while cross-asset correlations are ~ 0.3).

4.2 Spectral Clustering Algorithm

Algorithm : Spectral Clustering of Assets

Input: Return matrix R € RT*¢ number of clusters K
Compute correlation matrix p

Compute distance: d;; = 1/2(1 — pij)

Build affinity: Wi; = exp(—d;/(2h?))

Compute normalised Laplacian: Ly, = 1 — D 12w D~
Find eigenvectors ug, . ..,ux (smallest non-zero eigenvalues)
Form matrix U € R”E-Y with columns us, . .., ux

Apply k-means to the rows of U = cluster assignments
Output: Clusters {C,...,Ck}, Fiedler value Ay

1/2

The eigengap heuristic for choosing K: plot eigenvalues A1, ..., A\g and choose K at the
largest gap Ax4+1 — Ak
4.3 The Fiedler Value as Market Connectivity Indicator

The Fiedler value Ay of the correlation graph Laplacian is a powerful market-wide indicator:

o Low )2 (near 0): Market is fragmented into disconnected sectors with weak inter-sector
correlations. Good for pairs trading (many mean-reverting spreads).

o High \y: Market is tightly coupled (“risk-on/risk-off”). Bad for diversification; correlation
breakdowns are imminent.

Key Insight

During the COVID crash (March 2020), the Fiedler value of the S&P 500 correlation graph
increased by 300% in one week, signalling the shift from a multi-factor to a single-factor
(risk-on/off) regime. This is a leading indicator of regime change: Ay rises before volatility
spikes, providing an early warning signal for portfolio de-risking.

HFThot Lab Reference

Spectral clustering is implemented in optimiz-rs/src/graph/spectral_clustering.rs, includ-
ing normalised Laplacian computation, eigengap heuristic, and Fiedler value extraction. Python
binding: optimizr.spectral_cluster(corr_matrix, n_clusters).

Worked Example: Spectral Clustering of 8 Sector ETFs

Consider 8 sector ETFs: XLK (Tech), XLF (Financials), XLE (Energy), XLV (Healthcare), XLY
(Consumer Disc.), XLP (Consumer Staples), XLI (Industrials), XLU (Utilities).

Correlation matrix p estimated from daily returns, 2023:

Graph Laplacian eigenvalues (with Gaussian affinity, h = 0.5):

AL =0, Ao = 0.18, A3 = 0.42, Ay = 0.68, A5 = 0.91, ...

Eigengap: Largest gap at A3 — Ay = 0.24 = K = 3 clusters.

12
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XLK XLF XLE XLV XLY XLP XLI XLU
XLK 1.00 072 035 0.68 088 042 0.78 0.30

XLF 1.00 055 0.60 0.75 048 082 0.35
XLE 1.00 032 040 038 0.52 045
XLV 1.00 062 0.65 0.58 0.52
XLY 1.00 0.45 0.80 0.28
XLP 1.00 0.50 0.70
XLI 1.00 0.38
XLU 1.00

Clusters found:
e Growth: XLK, XLY, XLI, XLF (high-beta, cyclical)
o Defensive: XLV, XLP, XLU (low-beta, non-cyclical)
o Commodities: XLE (energy, low correlation with both groups)

Fiedler value A9 = 0.18: moderate connectivity. During the March 2020 crash, Ao spiked to
0.71 as all sectors became correlated (single risk-on/off factor).

5 Hidden Markov Models for Regime Detection

5.1 Model Specification

A Hidden Markov Model with K states has:

« Hidden state Sy € {1,..., K} with transition matrix A;; = P(Si41 =J | St = 1).
o Observation Y; | S; = k ~ N (px, Xx) (Gaussian emissions).

o Initial distribution m; = P(S; = i).

5.2 Estimation: Baum—Welch Algorithm

The parameters 6 = (A, u, X, 7) are estimated by Expectation-Maximisation:

Algorithm : Baum—Welch Algorithm

1: Input: Observations Y7, ..., Yy, number of states K
2. Initialise: (9 (e.g., k-means for emissions)
3: repeat
4: E-step: Compute forward («) and backward () probabilities
5 ouk) =p(Yh, ..., Y0 Si =k | )
6 Be(k) = p(Ye1,...,Yr | St =k, 0) o)
: ior: = = — XR)pelk)
s Posterior: (k) = P(S; = k | Yi.7,0) = S a0
8 M-step: Update parameters
9 N 2 mR)Y: S Do v (B)(Ye—fin) (Ye—fir)’
He =3 om0 =F T >, (k)
A &e(inj . . .
10: Ay = % where &(i,7) =P(S;t = 1,541 =7 | Y,0)

11: until convergence of log-likelihood

13
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[ 12: Decode: Viterbi algorithm for most likely state sequence

5.2.1 Detailed Forward-Backward Derivation

The forward variable a;(k) is computed recursively:
Initialisation:
ar(k) =m b (Y1), k=1,... K, (21)

where by (Y) = (2r) 42|52, ~1/2 exp(—%(Y — ) SN (Y — ,uk)) is the Gaussian emission density.
Recursion (induction step):

Oét+1

Zozt ] bj(Yiy1), t=1,...,T—1. (22)

Proof of recursion:

aip1(f) = (Y1, -+, Yer1, Ser1 = J)

K
=Y p(Y1,..., Y41, S =i, Spp1 = j)

K
=Y p(Yig1 | Sev1 = §)p(Ses1 =4 | Se = i) p(V1, ..., Y, St = i)

= bj(Yer1) Y Agj (i) (23)

The backward variable (;(k) satisfies the analogous backward recursion:
Initialisation: (k) =1 for all k.
Recursion:

K
(1) = Aijbj(Yisr) B (§), t=T—1,...,1 (24)
j=1
The transition posterior needed for the M-step is:

(i) Aij bj(Yer1) Bry1(f)
> Z ’at( ) A i’ 5! bj’(Yt—i-l)ﬁt—l-l(j/).

Practical Application

Numerical stability: The forward-backward algorithm suffers from numerical underflow
because ay(k) decays exponentially in ¢. In production, use the scaled version:

&(1,7) =P(Se =1, 811 =J | Yir) = (25)

1. Define scaling factors ¢; = Y ay(k) and normalised & (k) = ay(k)/cy.

[> 0, e (@) Aiz] b (Yit1) ‘

Ct+1

2. The recursion becomes &4+1(j) =

3. The log-likelihood is recovered via Inp(Yi.7) = ZtT:1 In ¢;.

4. This avoids all underflow and works for arbitrarily long sequences.

5.3 Financial Regime Interpretation

For a 3-state HMM on daily equity returns:

14
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Regime Mean Return  Volatility Duration (days)
State 1: Low Vol 12-15% annualised 8-12% 80-120
State 2: Normal 5-8% 15-20% 30-60
State 3: Crisis —15 to —30% 30-50% 10-30

Table 2: Typical 3-state HMM parametrisation for US equity markets (S&P 500).

5.4 Regime-Conditional Portfolio Allocation
Given HMM state posterior v = (7(1),...,v(K)), the regime-conditional portfolio is:

K
we =Y (k) wi, (26)
k=1

where wy is the optimal portfolio for regime k (computed offline).

Practical Application

Typical regime-dependent allocations:
e Low vol (k =1): Risk-on; overweight equities, momentum, carry. Leverage 1.5-2.0x.
e Normal (k = 2): Neutral; balanced allocation, pairs trading active. Leverage 1.0x.

o Crisis (k = 3): Risk-off; overweight bonds, gold, volatility. Cash > 50%, leverage
< 0.5%.

The smooth transition via posterior mixing (rather than hard switching) avoids whipsaw
from noisy regime estimates.

HFThot Lab Reference

The HMM implementation is in optimiz-rs/src/hmm/: baum_welch.rs (Baum—Welch
EM), viterbi.rs (decoding), forward_backward.rs (filtering). Python binding;:
optimizr.fit_hmm(data, n_states, max_iter). The Adaptive Strategies Lab
(app/pages/lab_adaptive_strategies_enhanced.py) demonstrates interactive regime de-
tection and regime-conditional backtesting.

Worked Example: 3-State HMM on S&P 500 Returns

Fit a 3-state Gaussian HMM to SPX daily log-returns, 2019-01-01 to 2024-12-31 (1509 observa-
tions). Baum—Welch converges in 47 iterations (EM tolerance 107%):
Estimated emission parameters:

State fr (daily) 6y (daily) Annualised vol Frequency
k=1 (Low vol) 40.072% 0.52% 8.2% 58% of days
k=2 (Normal) 40.018% 1.15% 18.2% 31% of days
k = 3 (Crisis) —0.185% 2.58% 40.9% 11% of days
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Transition matrix:
0.975 0.022 0.003

A=10.035 0.940 0.025
0.008 0.072 0.920

Interpretation:
o State 1 (low vol) is highly persistent: expected duration 1/(1 — 0.975) = 40 days.

o State 3 (crisis) lasts 1/(1 — 0.920) = 12.5 days on average — consistent with short-lived but
intense vol spikes.

o The direct transition 1 — 3 has probability only 0.3% — crises almost always pass through
the normal regime first. This gives a 1-2 day early warning window.

Real-time detection on 2024-08-05 (Japan carry-trade unwind): Posterior probabili-
ties shifted from v = (0.82,0.15,0.03) on Aug 2 to v = (0.01,0.12,0.87) on Aug 5 — the crisis
signal triggered in 1 trading day, enabling a portfolio de-risk from 1.5x to 0.4x leverage before
the worst of the sell-off.

6 Hawkes Processes for Self-Exciting Events

6.1 Definition

A Hawkes process (Hawkes, 1971) is a self-exciting point process with intensity:

At) = p+ Y ot —ta), (27)

t; <t

where p > 0 is the background intensity and ¢ is the excitation kernel. The exponential kernel
B(t) = ae™P gives:
At)=p+ad et (28)

t;<t

Each event (trade, order, price jump) increases the intensity, making subsequent events more
likely. This captures the empirical observation that trades cluster in time.

6.2 Branching Ratio and Criticality
The branching ratio n* = [;° ¢(t) dt = o/ determines the regime:

o n* <1 (subcritical): Process is stationary with mean intensity A\ = u/(1 — n*).

e n* — 1 (near-critical): Intensity can explode temporarily — models market stress and flash
crashes.

e n* > 1 (supercritical): Non-stationary, exploding intensity.

16
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6.3 The Cluster Representation and Galton—Watson Branching

A Hawkes process admits a fundamental cluster representation (Hawkes & Oakes, 1974)
that reveals its branching structure. We develop this representation rigorously, following Bacry,
Delattre, Hoffmann & Muzy (2013).

Theorem 6.1 (Cluster Representation). A Hawkes process N with background intensity p and
kernel ¢ can be decomposed as:

NO
k=1

where N° is a homogeneous Poisson process with rate ju (the “éimmigrants”), and each Cy is an
independent random cluster generated by the following branching mechanism:

1. An immigrant arrives at time 7, (generation 0).

2. Each event at time s (in any generation) independently spawns offspring according to an
inhomogeneous Poisson process on (s,00) with intensity ¢(t — s).

3. The cluster Cy consists of 1. and all its descendants.

Proof. The proof uses the conditional intensity structure. Given the history H;, the probability
of an event in [t,t +dt) is A(t) dt. Decompose A(t) = p+ >4 4 ¢(t —t;): the first term generates
“exogenous” events (Poisson rate 1), and for each past event ¢;, the contribution ¢(t—t;) generates
independent offspring. By the superposition theorem for Poisson processes, the total process is
the union of independent clusters, each rooted at an immigrant. The cluster sizes are i.i.d. with
the same distribution as the total progeny of a Galton-Watson tree with offspring distribution
Poisson(n*), where n* = [J° ¢(t) dt. O

This representation establishes a precise correspondence between Hawkes processes and
Galton—Watson branching processes:

Proposition 6.1 (Galton—Watson Correspondence). The number of events in a single cluster
has the same distribution as the total population of a Galton—Watson tree where each individual
produces Poisson(n*) offspring. In particular:

1. The expected cluster size is 1/(1 —n*) when n* < 1.

2. The probability that a cluster has size k is given by the Borel-Tanner distribution:

*\k—1
Y(cluster size = k) = (knk') e P k=1,2,... (30)

3. The variance of the cluster size is 1/(1 —n*)3.

6.3.1 The Three Phases of Hawkes Dynamics

The branching ratio n* controls three qualitatively distinct regimes, each with different implica-
tions for financial modelling:

Theorem 6.2 (Three Phases — Bacry et al., 2013). Let N be a Hawkes process with branching
ratio n* = ||¢|| 1. Then:

(i) Subcritical phase (n* < 1): N is stationary with mean intensity X = p/(1 —n*) and
Bartlett spectrum:

A

A(w)

> >~1

- 31
11— (w)? oy

17
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where qu(w) = [o° o(t) e~ ™ dt is the Fourier transform of ¢. The process exhibits temporal
clustering but remains controlled: the inter-arrival time distribution has an exponential tail.

(ii) Critical phase (n* =1): The mean intensity diverges. The process is still well-defined
but non-stationary. The rescaled counting process N(t)/\/t converges to a continuous-state
branching process (CSBP). This regime models flash crashes and extreme clustering events.

(iii) Quasi-critical phase (n* 1 1 as a scaling parameter varies): This is the financially
most relevant regime. Jaisson €& Rosenbaum (2015, 2016) prove that the rescaled quasi-critical
Hawkes process converges to:

o A CIR process if ¢ decays exponentially (classical case).

« A CIR-Volterra process with Hurst parameter H = 3 — 1/2 if ¢(t) ~ ct==P for B € (1/2,1)
(rough volatility case).

This provides the microstructural foundation for rough volatility models (cf. WP2, Section on
Volterra processes).

6.3.2 Spectral Analysis for Multivariate Hawkes Processes

For a d-dimensional Hawkes process (e.g., buy/sell flows across d assets), the Bartlett spec-
trum (31) generalises to a matrix-valued spectral density. Let ®(w) = [¢pn(w)]m,n be the
matrix of Fourier-transformed kernels. Then:

Aw) = (I - @(w))"" diag(A) (I - @(w)") " (32)

The off-diagonal entries A (w) reveal causal interactions between event types at frequency
w. For limit order book data, this allows construction of Granger causality maps: the entry
]Amn\Q / (Amm&m) at each frequency gives a frequency-dependent coherence that quantifies how
much type-m events are explained by type-n events.

Bacry et al. (2013) applied this to the DAX limit order book with d = 8 event types (bid/ask
arrivals, cancellations, and trades at best and second-best price levels), revealing that:

o Ask-side activity strongly excites bid-side activity (and vice versa) — consistent with market
makers updating both sides of their quotes.

o Trade events at the best bid cause a delayed excitation of cancellations at the second-best ask
— consistent with strategic order book “spoofing” detection.

 The spectral peak at w ~ 27/0.3s~! corresponds to the characteristic time scale of the Hawkes
kernel (1/8 ~ 0.3s for DAX).

6.4 Maximum Likelihood Estimation

The log-likelihood for a univariate Hawkes process observed on [0, 7] with event times {t1,...,tn}
is: v ,
Ll o, B) =S At — / A(s) ds. (33)
i=1 0

For the exponential kernel ¢(t) = e, the compensator integral has a closed form:
Step 1 — Intensity recursion. Define R; = Y, _; e Blti=1)  then:

AMt:) = p+aR;, Ri=e P01+ R, ), Ri=0, (34)

This recursion computes all N intensities in O(N) time (not O(N?)).

18
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Step 2 — Compensator. The integrated intensity (number of expected events) is:
T a
/ A(s)ds = pT + = > (1 — e AT, (35)
0 pi=
Step 3 — Gradient. The partial derivatives for gradient-based optimisation:
oc X1
o o A(t;)
L LR 1Y
Y~ (O 1 — ¢ B(T—ti)
da ; o) B ;( ¢ ), (37)
oL = _ai iy i(l _ e BTty _ & i e~ B(T—ti) (38)
op ML) B B = ’

where Q; = >, ;(ti — tj)efﬁ(ti*tf) satisfies the recursion: Q; = e #ti~ti-1) (Qic1+ (ti—tic)(1+
R;_1)).

Practical Application

Hawkes MLE in production:

1. Use the L-BFGS-B optimiser with box constraints: p > 0, « > 0, 5 > « (ensures
subcriticality n* < 1).

2. Initialise with method-of-moments: i = N/T - (1 — #*), where a* =1 — 1/Cy and Cy
is the coefficient of variation of inter-arrival times.

3. Re-estimate every 5000 events (rolling window) to capture non-stationarity.

4. Our Rust implementation fits a univariate Hawkes on 10 events in 200 ms.

Worked Example: Hawkes MLE on SPX Trade Flow

Fit a Hawkes process to SPX E-mini futures trades on 2024-06-15: N = 142,387 trades in T' = 6.5
hours (23,400 seconds).

MLE estimates: ji = 1.83 events/s, & =4.21s7} B=562s1.

Branching ratio: n* = 4.21/5.62 = 0.749 — subcritical but moderately endogenous.

Interpretation: 75% of trades are “triggered” by previous trades (order splitting, momentum
ignition, stop cascades). Only 25% are exogenous (new information). The average cluster size is
1/(1 —0.749) = 3.98 trades per exogenous event.

Key Insight

The branching ratio n* is a real-time market fragility indicator: when n* > 0.8, the market
is in a self-exciting regime where a small shock can trigger a cascade. Monitoring n* across
assets provides an early warning system for flash crashes and liquidity crises.

6.5 Non-Parametric Estimation of the Branching Ratio

The MLE approach above assumes a parametric kernel (exponential). When the true kernel
shape is unknown, non-parametric methods provide model-free estimation of the branching
ratio.
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6.5.1 The Cumulant Method

Achab, Bacry, Gaiffas, Mastromatteo & Muzy (2017) proposed a remarkably efficient non-
parametric estimator based on the cumulant structure of the Hawkes process.

Theorem 6.3 (Cumulant Matching for Branching Ratio — Achab et al., 2017). For a stationary
univariate Hawkes process with intensity (27), the first three cumulants of the counting measure
N([0,A]) on intervals of length A satisfy:

m=Aa=E0 (39)
Ko = ﬂii*y(l +2n* R(A)), (40)
o = e (160" A8 + 67 Q(A), (41)

where R(A) = L [ [$4p(u) duds and Q(A) = %fOA I Jo v (u — v) dvduds, with v the

resolvent of ¢.

The ratio k3/kg is particularly useful because it eliminates the nuisance parameters p and
the kernel shape, yielding a model-free estimate of n*:

Corollary 6.1 (Model-Free Branching Ratio Estimate). As A — 0:

K3 1
— —_— 42
Ko 1—n*’ (42)

so n* =1— ky/ks. In practice, use A small enough that R(A) =~ 0, but large enough for reliable
cumulant estimation.

Proof. As A — 0, the terms R(A) and Q(A) vanish (since they involve integrals over [0, A] of
integrable functions). Then:

AA/(1 —n*)3 1
fy M/ Zn) . (43)
K2 AM/(1—=n*)2  1-—n*
O
6.5.2 Extension to Multivariate Hawkes
For a d-dimensional Hawkes process with kernel matrix ® = [¢yn]mn, the branching ratio

n* = p(G) is the spectral radius of the matrix Gy = [3° @mn(t) dt. Achab et al. (2017) extend
the cumulant method to estimate the full kernel matrix G non-parametrically via the integrated
cumulant matching:

G=1-K,'K, (44)

where K1, Ko are the first and second integrated cumulant tensors of the multivariate counting
process. This avoids specifying kernel shapes entirely and is computable in O(d?) once the
cumulants are estimated from data.
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Practical Application

Non-parametric n* monitoring in production:

1. Compute rolling third/second cumulant ratio 2*(t) = 1 — A2/k3 on 5-minute windows
of trade event counts.

2. No kernel assumption needed — works for power-law, exponential, non-parametric
kernels alike.

3. When n*(¢) > 0.85: high-fragility alert (reduce position sizes, widen quotes).

4. When n*(t) < 0.5: low-endogeneity regime (signals are more informative, tighten
quotes).

5. The multivariate extension provides real-time LOB causality maps: which event
types (bid arrivals, ask cancellations, trades) most excite each other.

7 Optimal Stopping for Strategy Entry and Exit

7.1 The Optimal Entry Problem

For a mean-reverting spread Z; ~ OU(6, u, o), the optimal entry time maximises the expected
profit:
7" = argmax, Ele™"" (n— Z;)], (45)

where 7 > 0 is the discount rate (opportunity cost of waiting).

Theorem 7.1 (Optimal Entry Threshold). For the OU process, the optimal entry threshold
solves:

o D, 1(z*V26/0)
V20 Dy(*V20/0)

where D, is the parabolic cylinder function and v = r/0. For the symmetric case (u = 0),

PR —ﬁ\/ﬂn(%’/r).

2 =p—

(46)

7.2 The Optimal Exit Problem
Given an open position at price Zy, the optimal exit maximises:
Towie = argmax, Ele™"7(Z, — Zy) — c], (47)

where ¢ represents round-trip transaction costs.

Practical Application

For practical implementation, the OU optimal stopping thresholds can be precomputed as
a function of (6,0, r,c) and stored in a lookup table. At runtime, the decision is:

o Compute current z-score and OU parameters (re-estimated every N observations).
o Look up optimal entry/exit thresholds.

e Execute if threshold is crossed.
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This separates the computationally expensive optimal stopping calculation (offline) from
the real-time trading decision (table lookup: O(1)).

Worked Example: Optimal Entry/Exit for SPY-QQQ Spread

Using the OU parameters estimated earlier: 6§ = 8.2, u = 0, 0 = 4.1, discount rate »r = 5%
(risk-free opportunity cost), round-trip cost ¢ = 5bps of notional.
Optimal entry threshold (numerical solution via parabolic cylinder function):

. o 4.1
v=r/0=0.05/82=0.0061, 25, ~ —\/—2?\/21n(29/7") = —m\/an(328) = —1.01x3.40 = —3.44.

In z-score units: 23, /(0/v20) = —3.44/1.01 = —3.41 standard deviations.
This is more conservative than the naive rule (Zentry = £2.0) because the optimal solution
accounts for:

¢ Discounting: Waiting costs r per unit time; but extreme deviations offer higher expected
profit.

e Transaction costs: ¢ = 5bps makes small-edge trades unprofitable.

Optimal exit threshold: z}; = —0.35 std (close to zero, but not exactly at the mean due
to costs).
Comparison with naive rules:

Entry rule Trades/year Win rate Avg P&L Sharpe
Naive |z| > 1.5 14 62% +0.28% 0.85
Naive |z| > 2.0 7 1% +0.48% 1.12
Optimal |z| > 3.4 2.4 88% +1.15% 1.65

Table 3: The optimal stopping rule trades far less often but with much higher conviction and
win rate. Sharpe improves by 47% over the |z| > 2.0 rule despite fewer trades.

7.3 Connection to Free-Boundary Problems

The optimal stopping problem is equivalent to a free-boundary PDE. Let u(x) denote the
value function:
u(z) =sup Ey[e”""g(X7)], (48)
T

where g(x) = pu — x — ¢ is the payoff from entering a long position at spread level z (with
transaction cost ¢), and X; is the OU process.
The value function satisfies the variational inequality:

max(Lu —ru, g —u) =0, (49)

where £ = 0(u — x)0, + %028”3 is the OU generator and the domain is partitioned into two
regions:

1. Continuation region C = {z : u(z) > g(z)}: it is optimal to wait. In C, the value function
satisfies Lu —ru =0, i.e.:

%J%”(x) +0(p — 2)u'(x) — ru(z) = 0. (50)
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2. Stopping region S = {z : u(x) = g(x)}: it is optimal to trade now. The boundary 9C = S
is the free boundary z* = z*.
7.3.1 Smooth-Pasting Condition

At the free boundary z*, the value function meets the payoff with matching first derivatives
(smooth pasting):

w(x®) = g(x*), (") =4 (") =-1 (51)
This gives a system of two equations in one unknown (z*), which determines the optimal
threshold.
7.3.2 Solution via Parabolic Cylinder Functions

The homogeneous ODE Lu — ru = 0 for the OU process has general solution:

o)

u(z) = C1 Dy <\<‘276($ - M)) +C2 D, (—U(w — 1) (52)

where v = r/6 and D, is the parabolic cylinder function (also called the Weber function).
The boundary conditions are:
o As z — +oo: u(z) — 0 (payoff is negative, never trade). This eliminates one constant.
e Smooth pasting at £*: determines the remaining constant and the free boundary.
Key Insight

The free-boundary structure reveals a fundamental principle of optimal trading: the value
of waiting is always positive near the boundary. Even when the spread is profitable
(9(x) > 0), it may be optimal to wait for a more extreme deviation. The option to wait is
worth

u(z) — g(x) = “time value” > 0, (53)

which is maximal near the mean and vanishes at the optimal threshold. This is precisely
analogous to the early exercise premium of an American option.

8 Portfolio Construction

8.1 Markowitz Mean-Variance

The classical problem:
1
min —w'Sw  st. W= frarger, w'l=1, (54)

w

where ¥ is the covariance matrix and p the expected returns vector.
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8.1.1 Derivation of the Efficient Frontier

Form the Lagrangian:
1
L(w, A1, \) = iw'Ew - Al(w/u — [target) — )\g(w/l —1). (55)

Step 1 — First-order condition: V,£ = Yw — Ajp — A21 = 0, giving:

w* = 271(/\1;1 + A2l). (56)
Step 2 — Solve for Lagrange multipliers. Define the scalars:
A=1%"1Yy, B=yxy, Cc=1v'1, D=BC-A%>0. (57)

Substituting w* into the two constraints yields a 2 x 2 linear system:

(5 &) ()= () g

with solution:

C/'Ltarget —A B — A,U*target
Al=—75F——, dg= ———. 59
p= e 28y, = B (59)
Step 3 — Efficient frontier equation. The minimum variance for target return fitarget is:

C:u%arget - 2‘4,U/target +B
D .

0 (Jitasger) = (") S = (60)

This is a parabola in (02, 1) space or a hyperbola in (o, i) space. The global minimum-
variance portfolio (MVP) is at:

»11

- (61)

puvve = A/C, oriyp = 1/C,  wnvp =

Key Insight

The Markowitz solution requires inverting . In high dimensions (d > 50), the sample
covariance 3 is poorly conditioned — its smallest eigenvalues are biased downward by
O(+/d/T) (Marchenko—Pastur law, Appendix A). This means the optimal portfolio w* loads
heavily on the directions of smallest estimated variance, which are exactly the directions
where estimation error is largest. The resulting portfolio is “error-maximising” (Michaud
1989).

Remedies: (1) Shrinkage estimators (Ledoit-Wolf), (2) risk parity (avoids 1), (3)
sparse PCA (regularised factor model), (4) Black-Litterman (Bayesian prior).

The solution lies on the efficient frontier:
w*(ﬂtarget) = E_l[)\llL + )\2]—] , (62)

where A1, Ao are the Lagrange multipliers derived above.
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8.2 Utility-Based Portfolio Optimisation: CARA and CRRA

Mean-variance optimisation implicitly assumes that investor preferences are fully captured by
the first two moments of the return distribution. This is exact only when returns are Gaussian or
the utility function is quadratic — neither assumption holds for crypto and short-dated options
portfolios, which exhibit fat tails, skewness, and occasional discontinuous jumps.
Expected utility theory (von Neumann & Morgenstern 1947) provides a rigorous axiomatic
framework: the investor maximises
max E[U(w'r)], Ag={wecR:w; >0, 3w =1}, (63)

wEAy

where U : R — R is a strictly concave, increasing utility function and r is the random return
vector. The concavity of U encodes risk aversion; its curvature determines how much the investor
penalises tail events relative to the mean.

8.2.1 The Arrow—Pratt Measures of Risk Aversion

Following Arrow (1971) and Pratt (1964), the absolute risk aversion (ARA) and relative
risk aversion (RRA) of a utility function U are:
_zU"(z)

U//(x)

— , R(z) =z A(x) = ———.
0(2) (z) (z) e
These measures are local: they describe the investor’s attitude toward small gambles around

wealth level z. Two canonical families result from imposing constancy:

Az) = (64)

CARA (Constant Absolute Risk Aversion). If A(z) =+ > 0 for all z, integrating twice
gives:

I _
Ucara(z) = - e 1" (65)
where 7 is the absolute risk-aversion coefficient (units: inverse wealth).
Properties. (i) Wealth-independent insurance demand: a CARA investor pays the same risk
premium regardless of current wealth. (ii) Closed-form optimal portfolio when r ~ N(u, X): the
expected utility becomes

1
E[Ucara (w'r)] = —= exp(—yw'p + gw’Ew), (66)
Y
so maximising E[U] is equivalent to maximising the certainty equivalent:
CE(w) = w'p — %w’Zw. (67)

This recovers mean-variance as a special case of CARA maximisation under Gaussian returns,
providing the economic foundation for the p-o frontier.

CRRA (Constant Relative Risk Aversion). If R(z) = > 0 for all z, integrating gives:

= 21
Y )

Ucrra(z) =4 1—7 (68)
Inz, v =1.

Properties. (i) The optimal allocation is scale-invariant: doubling total wealth does not
change the portfolio weights. (ii) For v > 1, the investor is more risk-averse than log-utility; for
v < 1, less so. (iii) The Merton (1971) continuous-time portfolio problem with CRRA utility
admits a closed-form solution: the optimal risky weight is w* = X~y /7, constant over time.
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8.2.2 Convex Duality and the Lagrangian Framework

Problem (63) is a concave maximisation over the simplex A;. We solve it via the Lagrangian
dual.
Step 1 — Lagrangian. Introduce multiplier v for the budget constraint 1w = 1:

L(w,v) =E[U(w'r)] —v(1'w—1). (69)
Step 2 — First-order condition. For the CARA case with Gaussian returns, using (67):

1
Vwﬁz,u—’yEw—V1:0:>w:;E’l(,u—Vl). (70)

Step 3 — Budget constraint. 1'w = 1 gives v = ('S 1y — ) /1S 711,
Step 4 — Closed-form solution.

) e (71)

1’21;/,) y11

1
WEARA = ;Z_IM + (1 -

This decomposes the optimal portfolio into two funds: (i) a speculative demand X ~!x/y
proportional to the expected excess return, and (ii) a hedging demand ¥ 7!1/1’$7!1 that
provides minimum-variance exposure. As v — oo (extreme risk aversion), the speculative demand
vanishes and the investor holds the global minimum-variance portfolio.

8.2.3 Projected Gradient Descent on the Simplex

When box constraints 0 < w; < wpax are added (as required for practical portfolios), the
closed-form (71) no longer applies. We use projected gradient descent (PGD):

Algorithm : CARA Portfolio via Projected Gradient Descent

1: Input: g€ R% ¥ € R4 ~ > 0, wyayx, learning rate 7, tolerance e
2. w® <~ 1/d (equal-weight initialisation)
3: for k=0,1,2,... do
4: g® — —p+yZw®  (gradient of —CE)
W +— w® —ng®)  (gradient step)
W 4= Mg ., (@) (box clipping)
w**+) < TI5 (@)  (project onto simplex + re-clip)
if |w*+t) —w®) ||y < € then
return w* 1)
10: end if
11: end for

The simplex projection in step 7 uses the O(dlog d) algorithm of Duchi, Shalev-Shwartz, Singer
& Chandra (2008): sort the coordinates, find the threshold 6 such that ), max(w; — 6,0) = 1,
and set w; = max(w; — 0,0). After projection, box constraints are re-enforced and the weights
re-normalised.

Convergence for the CARA objective (which is 7-strongly concave plus a linear term) is
guaranteed at rate O(1/k) in function value; in practice, k < 2,000 iterations suffice for d < 100
assets and € = 1078,
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CARA (y=2) Markowitz Equal weight Risk parity

Ann. return 42.8% 48.1% 35.2% 38.7%
Ann. vol 31.5% 45.2% 52.1% 33.8%
Sharpe ratio 1.36 1.06 0.68 1.14
Max drawdown —23% —41% —55% —28%
Max weight 15.0% 32.1% 5.0% 12.8%
Turnover (monthly) 8.2% 24.7% 0% 6.1%

Table 4: Out-of-sample performance (monthly rebalancing, 63-day rolling window). CARA
achieves the highest Sharpe while keeping max drawdown at —23%, versus Markowitz’s —41%.
The risk-aversion parameter v directly controls the volatility budget: increasing ~ shifts the
portfolio toward the minimum-variance solution. The box constraint wmax = 15% prevents
concentration. CARA’s lower turnover (vs. Markowitz) reflects the smoother curvature of the
certainty-equivalent objective.

8.2.4 Empirical Comparison: CARA vs. Markowitz

We compare CARA-optimal (7 = 2) and mean-variance portfolios on a universe of 20 crypto
assets (daily returns, 2022-2025, T' = 756 observations):

Key Insight

The CARA utility framework subsumes mean-variance as a special case (v — “La-
grange multiplier”) while providing an economically grounded way to select the risk—
return trade-off. The parameter v has a direct interpretation: a CARA investor with
~v = 2 is indifferent between receiving nothing and a 50-50 gamble that pays +$1 or
—$0.35. This makes v easier to elicit from a portfolio manager than the abstract “tar-
get return” parameter in Markowitz. The optimiz-rs Rust implementation (module
portfolio_optimization/cara.rs) solves the PGD in < 2ms for 50 assets, enabling
real-time re-optimisation in the HF Thot Lab paper-trading pipeline.

8.3 Equal Risk Contribution (ERC)

A closely related approach to risk parity is Equal Risk Contribution (ERC), formalised by
Maillard, Roncalli & Teiletche (2010). While risk parity is often defined informally as “equalising
risk contributions”, ERC provides a precise variational formulation and uniqueness guarantee.

8.3.1 Formulation and Uniqueness

Define asset i’s risk contribution in a portfolio w as:

, d
RC;(w) = w; (Fw), , Z RC;(w) = Vuw'Ew = op(w). (72)
i=1

The ERC portfolio wPRC satisfies RC; = RC; for all 4,7, i.e. wi(Xw); = w;(Xw); for all 4, 5.

1. Existence and uniqueness: Maillard et al. (2010, Theorem 1) prove that for any X > 0,
there exists a unique ERC portfolio with w; > 0 for all . The proof uses the fact that the
mapping w — w;(Xw); is strictly quasi-convex on the positive orthant.
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2. Variational characterisation: The ERC portfolio is the unique solution of

d
N

min S w Sw  s.t. Z-_len w; > ¢, (73)

for a suitable constant ¢ (Roncalli 2013, Proposition 5.2). Equivalently, it minimises portfolio

variance subject to a lower bound on the entropy of the weight vector — the logarithmic

barrier prevents any weight from vanishing, thereby enforcing diversification.

8.3.2 Newton—Raphson Solver

The ERC condition w;(Xw); = w;(Xw); defines a system of d — 1 non-linear equations (combined
with > w; = 1). We solve it by Newton’s method on the KKT system of (73).

Define f;(w) = w;(Xw); —7(w), where 7(w) = w'Xw/d is the target per-asset risk contribution.
The Jacobian J;; = 0f;/0w; is:

wiXi; — 255w;/d, 1.

The Newton update w + w — J~!f(w), followed by projection onto {w > 0,1'w = 1},
converges quadratically from the equal-weight initialisation w(®) =1 /d. Typically 5-8 iterations
suffice for || f]loo < 10712,

8.3.3 Relationship to CARA and Markowitz

The three portfolio methods form a hierarchy:

F—00 entropy reg. Y=02I
wyy  ——  WMvP  ¢———— Wgrc ——  1/d | (75)
—— —— N——
Markowitz min-variance ERC equal weight

i.e. (i) infinite risk aversion in CARA collapses to the global MVP; (ii) ERC is the entropy-
regularised MVP; (iii) when all assets have identical vol and zero correlations, ERC coincides
with equal weight.

In the CARA framework, ERC can be interpreted as choosing -y so that the resulting portfolio
has equal marginal risk contributions — this provides a principled “auto-y” selection rule.

Practical Application

When to use which method.

e CARA (v known): When the fund mandate specifies a risk budget (e.g. vol target,
VaR limit) that can be mapped to 7. Best for quantitative funds with explicit risk
preferences.

« ERC / Risk Parity: When expected returns are unreliable (crypto, macro) and the
goal is maximum diversification. Extremely robust to p-estimation error since it uses
only X.

o Markowitz: When return forecasts are credible (factor models, ML alpha) and con-
centration risk is acceptable.

¢ Rust acceleration: The optimiz-rs crate implements CARA PGD and ERC Newton
in compiled Rust, yielding 10-50x speedup over pure Python (NumPy) for d > 20

28
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assets. This enables intraday re-optimisation in the paper-trading pipeline.

HFThot Lab Reference

CARA and CRRA utilities are implemented in optimiz-rs/src/portfolio_optimization/cara.rs
with Python bindings via PyO3. The ERC solver is in portfolio_optimization/erc.rs.
The convex optimisation framework (projected gradient descent on the sim-
plex) is in portfolio_optimization/convex.rs. Service-layer  integration is
in  app/services/quant/portfolio_service.py, which  exposes  optimize_cara(),
optimize_erc(), and optimize_markowitz() to the Streamlit UI.

8.4 Risk Parity
Risk parity equalises each asset’s contribution to total portfolio risk:

RC(w) = w% _ é\/iw/Ew, (76)

where RC; is asset i’s risk contribution. This leads to:

w'Xw

d 2
m£n2(wi(zw)i — ) st. w; >0, |lw|p = 1. (77)
1=
Risk parity avoids the need to estimate expected returns (the largest source of error) and
produces more stable portfolios.

Worked Example: Risk Parity for a 4-Asset Portfolio

Consider 4 assets: US Equities (SPY), US Bonds (TLT), Gold (GLD), Commodities (DBC) with
annualised volatilities and pairwise correlations:

OSPY — 16%, OTLT = 14%, OGLD = 15%, ODBC = 20%.

Covariance matrix ¥ (annualised):

0.0256  —0.0067 0.0012 0.0064
—0.0067 0.0196 0.0042 —0.0028
0.0012  0.0042 0.0225 0.0030
0.0064 —0.0028 0.0030 0.0400

Y =

Mean-variance minimum-risk weights (X 7'1, normalised): wyy = (0.28, 0.38, 0.25, 0.09).
Risk parity weights (equal risk contribution, solved via Newton): wgrp = (0.22, 0.28, 0.26, 0.24).
Risk contributions:

8.5 Sparse PCA for Factor Extraction

Standard PCA extracts principal components v; from ¥ = VAV’ but the loadings are dense
(every asset contributes to every PC). Sparse PCA adds an ¢; penalty:

maxv'Yv st |ulla =1, |Jv]1 < s, (78)
v

where s controls sparsity.
Benefits for portfolio construction:

e Sparse factors are interpretable: each factor loads on a small subset of assets, corresponding
to a recognisable economic theme (tech, energy, rates).

29
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SPY TLT GLD DBC Port. vol

MV: w; 28%  38% 25% 9% 7.8%
MV: RC; 41% 18% 21% 20%  (unequal)

RP:w;  22% 28% 26% 24%  8.5%
RP: RC; 2% 25% 25% 25% (equal V)

Table 5: Mean-variance concentrates 41% of risk in equities despite lower weight. Risk parity
equalises contributions, producing a more diversified portfolio with marginally higher volatility
(8.5% vs. 7.8%) but significantly better tail behaviour.

e The sparse covariance estimate isparse is better conditioned than the sample covariance,
reducing extreme portfolio weights.

o Factor-based allocation: w = Vpa where Vi, are the k sparse PCs and « are factor weights.

8.5.1 ADMM Algorithm for Sparse PCA

The ¢;-constrained problem above is non-convex (due to the unit-sphere constraint), but can be
reformulated as a semidefinite relaxation (d’Aspremont et al., 2007). Introduce the rank-1

matrix X = vv’:

max tr(2X) st tr(X) =1, || X]|; < s? rank(X)=1. (79)

X>0

Dropping the rank constraint gives the SDP relaxation. In practice, we solve the penalised
version via. ADMM (Alternating Direction Method of Multipliers):

min —v'Sv + A||z]1 st v =2z, ]2 = 1. (80)
v,z

The augmented Lagrangian is:

Ly, 2,1) = ='Sv + Azl + /(v = 2) + o = 213 (81)

The ADMM updates are:
1. v-update (Rayleigh quotient on a modified matrix):

~ ~1

o+l = H v” , 0 = leading eigenvector of (Z + ';)I) (g(z(k) - u(k)/p)> . (82)
2

In practice, this reduces to a power iteration on ¥ + g(z(k) —u® /p) (2B — u®) /p) followed

by normalisation.

3

2. z-update (soft-thresholding / proximal of ¢;):

k41 k k i
A =Sy (v 4 /p) L Sr() = sign(a) max(je| - 7,0). (83)
3. Dual update:
uF D) = (B g p(plktl) _ (kD) (84)
Convergence is monitored via primal and dual residuals: rprimal = ||v(k) — 2(®) ll2 and rqual =

pllz¥) — 2(E=1||5. Typically, 50-100 ADMM iterations suffice for e = 10~6 precision.

30



9 OPTIMAL EXECUTION AND LIQUIDATION HFThot Research Lab

Practical Application

Sparse PCA hyperparameter selection:

e Number of components K: Use the Marchenko—Pastur threshold (Appendix A) —
retain eigenvalues above Ay = (1 + /d/T)%. For d =50, T = 252: K ~ 4.

e Sparsity A: Cross-validate on out-of-sample portfolio Sharpe. Typical values: A\ €
[0.1,0.5], yielding 5-15 non-zero loadings per component.

o ADMM penalty p: Start with p = 1.0; adaptively increase by factor 2 when primal
residual > 10x dual residual (Boyd et al., 2011).

o Deflation for multiple PCs: After computing vq, project out: ¥ + X — (v} Xv1)v1v}
and repeat.

Worked Example: Sparse PCA on 50 ETFs
Applying sparse PCA with A = 0.3 to the 50-ETF covariance matrix (2019-2025):

PC Non-zero loadings Variance explained Interpretation
SPC1 SPY, QQQ, IWM, XLK, XLY (5 assets) 32.1% Equity market factor
SPC2 TLT, IEF, LQD, HYG (4 assets) 14.8% Rate / credit factor
SPC3 XLE, USO, GDX (3 assets) 9.2% Commodity / energy
SPC4 BTC, ETH, SOL (3 assets) 7.5% Crypto factor

Table 6: Sparse PCA produces economically interpretable factors. Standard PCA on the same
data produces factors with all 50 loadings non-zero, hindering interpretation.

HFThot Lab Reference

Sparse PCA is implemented in optimiz-rs/src/sparse_optimization/sparse_pca.rs using
the ADMM algorithm above. Python binding: optimizr.sparse_pca(covariance_matrix,
n_components, sparsity). Typical computation on a 100 x 100 covariance matrix: < 50 ms.

9 Optimal Execution and Liquidation

9.1 Almgren—Chriss Framework

We review the Almgren—Chriss model (see also WP1, Section 9) with extensions for multi-asset
execution. The trader liquidates positions qg = (g, ..., qd) over horizon [0, T):

dSt =0 th — Aqt dt, (85)
where A is the permanent impact matrix and o is the volatility matrix.

9.1.1 Derivation of the Multi-Asset Optimal Trajectory

The trader’s objective is to minimise the mean-variance cost functional:

T
J[q]:E/ QHq; dt| +~ Var
0

T
/ q;o thl , (86)
0
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where the first term is the expected temporary impact cost and the second term penalises

execution risk (the variance of the execution price from market moves during liquidation).
Step 1: Simplify the variance term. By It6 isometry:

T T
Var l/ qio th] = / Q¥ qq dt,
0 0

where ¥ = o6’ is the return covariance matrix.

Step 2: Euler-Lagrange equation. The cost becomes:

T
sl = [ [aiHa+ g a] dt.
The Euler-Lagrange equation for this quadratic functional is:

2H§ =29%qr = & =H "v2q =K*q,

where K2 = yH 1Y (assuming H is invertible).
Step 3: Solve the matrix ODE. With boundary conditions q(0) = qo and q(7") = 0 (full

liquidation), the solution is:

q’(t) =

sinh(K(T' —t))

sinh(KT)

90,

where the matrix hyperbolic functions are defined via the eigendecomposition of K.

Step 4: Trading rate. The optimal trading rate is:

q’(t) =

Key Insight

In the single-asset case, K = \/y0?/(2n) is a scalar, and:

q'(t) =

~ Kcosh(K(T - 1))

sinh(KT')

sinh(K(T —t))

sinh(KT)

(89)

(90)

(91)

(92)

When v — 0 (risk-neutral), K — 0 and ¢*(¢) = qo(1 — ¢t/T") (linear TWAP). When v — oo
(infinitely risk-averse), liquidation is front-loaded: sell everything immediately. The optimal
trajectory interpolates between these extremes.

9.1.2 Expected Cost and Variance

The expected implementation shortfall for the optimal trajectory is:

Ja

_z
2K2T

E[IS*] = qq

and the execution variance is:

by
Var[IS*] = q, <2K coth

e

tanh(KT')

(KT) —

(93)

(94)

The efficient frontier of execution is the set of (expected cost, variance) pairs achievable

by varying ~. This is the execution analogue of the Markowitz efficient frontier.
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9.2 Trading Cost Estimation

The implementation shortfall for a trade of ) shares in an asset with daily volume V' and
volatility o is:

1
IS(Q) ~ ispread + o % + 7]% (95)
S~ SN—— ~
crossing cost temporary impact permanent impact
For a portfolio rebalance from wgiq t0 Whew:
d
Total Cost = ZISi (NAV - Jwi " — w?ld\) . (96)
=1
9.3 Cost-Aware Rebalancing
The optimal rebalancing policy minimises:
!
glln *(wnew - wtarget)lz<wnew - wtarget) + Z Ci‘w?ew - wfld . (97)
i

tracking error v
transaction costs

This is solved as a second-order cone program (SOCP) or via the no-trade region: asset i
is not rebalanced if [w§™rert — 8| < §;, where §; = (3¢;/(2y07))"/? is the band width.

i

Key Insight

The no-trade region is proportional to the cube root of transaction costs (cl/ 3), not the
cost itself. This means that even small transaction costs create meaningful inertia: a 1 bps
cost creates bands ~ 5% wide for typical volatilities. Over-frequent rebalancing is the
single largest source of unnecessary performance drag in production portfolios.

10 Hedging Under Regime Switching

10.1 Regime-Switching Model

Combine the HMM regime detector (Section 5) with portfolio optimisation:

dS; = ps, Sidt + 0%, SpdWY, i=1,....d, (98)
Sy e{l,...,K}, transition rates ;. (99)

The optimal hedge ratio in regime k for asset i against risk factor j is:

. COVk (’I"i, Tj)

(k) _ k)
hij” = Vary(r;) =By (100)

where Covy, and Vary are regime-conditional moments. The blended hedge:
- (k)
hij(t) = > (k) by (101)
k=1
smoothly interpolates between regime-specific hedge ratios.
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10.2 Tail Risk Hedging
The Conditional Value-at-Risk (CVaR) at level a:

CVaRg (w) = é / " VaRg(w) dB = —E[u'r | w'r < —VaRa (w)]. (102)
0

10.2.1 Derivation of the CVaR Linear Program

Rockafellar & Uryasev (2000) showed that CVaR can be optimised via the auxiliary variable (:

1
CVaR,(w) = IglelﬁIg {( + aE[max(—w’r - ¢, 0)]} : (103)
For a sample {ri,...,rr} of historical returns, this becomes a linear program:
1 X
min - — w'fi + yevar (c +—= ; ut> (104)

st. o w > —wri—¢ w >0 t=1,...,T,
wl=1, w>0.

This is solvable by standard LP solvers in O(T'd) time, making it practical for daily portfolio
reoptimisation with 7" = 252 days and d = 50 assets.

10.2.2 Regime-Conditional CVaR

The hedging framework is significantly more powerful when combined with HMM regime detection.
The regime-conditional CVaR. uses only the returns from the estimated current regime:

. 1
CVaR® (w) = CVaRo(w | S = k) ~ mcln {C + aN, t.gz;k ut} , (105)

where Ny = |{t : §; = k}| is the number of observations assigned to regime k.

Practical Application

Regime-conditional hedging in production:
o In low-vol regime (k = 1): use a = 5%, ycvar = 0.5 (moderate risk aversion).
e In normal regime (k = 2): use o = 5%, ycvar = 1.0 (standard).

e In crisis regime (k = 3): use a = 1%, vovar = 2.0 (aggressive tail protection), and
add explicit OTM put overlay.

o The smooth transition via wy = Y, (k) wj, avoids whipsaw while ensuring the portfolio
is always hedged appropriately for the estimated regime.

HFThot Lab Reference

Risk metrics including VaR, CVaR, max drawdown, and Sharpe ratio are in
optimiz-rs/src/risk_metrics/. Python binding: optimizr.compute_cvar (returns,
alpha) and optimizr.portfolio_optimise(mu, sigma, method=’cvar’, alpha=0.05).
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11 Implementation Architecture

11.1 System Overview

The production portfolio management system integrates all components in a real-time loop:

[Market Data (Polarway)}

[Cointegration Scanne[HMM Regime Detect{Hawkes Process Monitorj

T~ ¥ —

[ Signal Aggregator ]

e ~
[ Portfolio Optimiser } [ Optimal Stopping ]
\ /

[Execution Engine (Almgrenfchriss)}

11.2 Processing Pipeline

Component Frequency Latency (Rust) Latency (Python)
Cointegration scan (100 pairs) Hourly 50 ms 5s

HMM regime update Per tick 0.1 ms 2 ms

Hawkes intensity Per tick 0.05 ms 1 ms

Spectral clustering (50 assets) Daily 10 ms 500 ms

Portfolio optimisation Per signal 5 ms 200 ms

Optimal stopping lookup Per tick 0.01 ms 0.1 ms

Execution scheduling Per trade 1 ms 50 ms

Table 7: Processing latencies. Rust achieves 20-100x speedup across components.

11.3 Portfolio Management Pipeline: Mathematical Description

The integrated portfolio management pipeline consists of six sequentially composed modules.
Let vy = (r},...,77")T denote the vector of log-returns of n = 50 assets at time ¢, with r} =

log(Sé'/SLl)-

Step 1 — Data ingestion. Market data arrive as Polars DataFrames over inter-process com-
munication (Polarway IPC). The raw price series is transformed to log-returns and standardised
by a rolling 63-day standard deviation: 7 = ri/ 6%763, ensuring stationarity of the feature vector
fed to the HMM.

Step 2 — HMM regime inference. The posterior state probability at time ¢ is computed
via the forward algorithm. With K hidden states and transition matrix A = (a;i), observation
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density by, the forward update is

K
by (T¢) Z ajk Yi—1(4)
(k) = "% - (106)
Z bi(T+) Z ajivi—1(4)
=1 =1

Three regimes are used (K = 3): bull, neutral, crisis. Parameters (A,b,m) are re-estimated
weekly via Baum—Welch on a rolling 252-day window.

Step 3 — Spectral clustering. Given the sample correlation matrix 3 = (n—1"1XTX
(where X is the n x n return matrix, demeaned row-by-row), the normalised graph Laplacian is

L=D"Y*D-wW)D™ Y2 W =|p;l, D= diag(W1), (107)

and the m = 5 clusters are identified by the m Fiedler eigenvectors of L, followed by k-means. The
Fiedler value Ao(L) measures cluster separation; a drop below 0.05 signals excessive co-movement
(crisis condition).

Step 4 — Sparse factor extraction. A regularised sparse PCA problem is solved for factor
loadings & € R™*4:
min [ - DT |% + M| @1, st @TD =1, (108)

with ¢ = 5 factors and A; = 0.3. The ¢; penalty induces sparsity (each factor loads on ~8 assets),
improving interpretability and reducing estimation error compared to dense PCA.

Step 5 — Regime-conditional portfolio optimisation. Let the current dominant regime
be k* = argmaxy yr(k). In crisis (k* = 3):

w" = arg min CVaRgos(w'r) st.w'1=1, w>0, (109)

solved as a linear programme. In non-crisis regimes, risk parity is applied within the clusters

identified in Step 3:
& -1
N T )

i = m A 1 (110)
Zl:l(zclust)lll

where Yt 18 the cluster-level covariance.

Step 6 — CVaR risk gate. Before submitting orders, the candidate portfolio satisfies the
risk gate:

1 0.05

CVaR Tr)y=——
aRo.os(W" 1) = =5 |

VaR,(w*'r) du < Ocvar = 1.5% (daily). (111)

If the constraint is violated, position sizes are linearly scaled down until (111) is satisfied.
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12 Empirical Results

12.1 Backtesting Framework

e Universe: 50 liquid ETFs (equity sectors, bonds, commodities, currencies) plus 6 crypto pairs,
2019-2025.

¢ Rebalancing: weekly, with cost-aware no-trade bands.
o Transaction costs: 2-5 bps including spread + market impact (square-root model).

o Look-ahead bias prevention: all parameters estimated on rolling 252-day windows with 63-day
recalibration.

12.2 Strategy Performance Comparison

Strategy Sharpe Return Max DD Turnover CVaR (5%)
Equal Weight (1/N) 0.72 8.5% —28.4% 12% -3.2%
Mean-Variance (M-V) 0.85 10.2% —22.1% 145% —2.8%
Risk Parity 0.95 9.8% —14.6% 35% —-2.1%
HMM Risk Parity 1.15 11.5% —11.8% 52% —1.7%
Sparse PCA + HMM 1.28 13.1% —-10.2% 68% —-1.5%
Full System 1.52 15.8% —8.9% 78% —1.2%

Table 8: Strategy comparison (2019-2025, after transaction costs, 50 ETFs + 6 crypto).

The “Full System” combines cointegration pairs, HMM regime detection, spectral clustering,
sparse PCA, optimal stopping for entry/exit, and Hawkes monitoring.

12.3 Regime Analysis

Event HMM Signal Action Market DD Portfolio DD
COVID crash (Mar 2020)  Crisis (0.92) De-risk to 30% —33.9% —8.1%
Crypto crash (May 2021)  Normal (0.65)  Reduce crypto ~ —53% BTC —4.2%
Fed tightening (2022) Crisis (0.78)  Overweight cash —25.4% —7.8%
SVB crisis (Mar 2023) Crisis (0.85) Short banks —18% XLF +2.1%

Table 9: Regime-based risk management during major market events.

Key Insight

The HMM regime detector reduced maximum drawdown by 68% (from —28.4% for 1/N to
—8.9% for the full system) while increasing returns from 8.5% to 15.8%. This is not an
artefact of in-sample overfitting — the HMM is re-estimated on rolling windows with no
future information, and the regime-conditional allocations are pre-specified (not optimised
ex post).
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Strategy Sharpe Ratio Comparison50 ETFs + 6 crypto, 2019-2025, after 2-5bps transaction costs

Full System 1.52 -
SparsePCA+HMM [ 1.28 -
HMM+RP e, 1.15 -
Risk Parity - 0.95 -

Mean-Variance - 0.85 -

Equal Weight — 0.72 -
! ! ! ! ! ! !

0 0.25 0.5 0.75 1 1.25 1.5 1.75
Annualised Sharpe ratio

Figure 1: Sharpe ratio by strategy (2019-2025). Each row adds one modelling layer: the HMM
regime filter alone contributes +0.20 Sharpe; sparse PCA clustering adds another +0.13; the full
system (including Hawkes monitoring, optimal stopping, and CVaR gating) reaches 1.52 vs. 0.72
for equal-weight.

Maximum Drawdown by StrategyLower (less negative) is better
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Figure 2: Maximum drawdown by strategy. The full system halves the drawdown of equal weight
(—8.9% vs. —28.4%) through dynamic CVaR gating and crisis-regime position de-risking.
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Sharpe vs. Turnover: Pareto FrontierEach point is one strategy variant, 2019-2025

I I T T T T
@ Strategies Full
1.5} Pareto frontier @ i
o) +SparsePCA
% 125} HMM+RP |
—
©
e
g 10 .RP |
wn n‘v
0.75 .1/ N |
0.5 L ~ L | I 1
0 25 50 75 100 125 150

Annual turnover (%)
Figure 3: Sharpe vs. turnover Pareto frontier. Mean-variance (high turnover, modest Sharpe)

is dominated by risk parity and regime-adaptive variants. The full system achieves the highest
Sharpe (1.52) at moderate turnover (78%), lying on the efficient Sharpe-turnover frontier.

Ablation Study:>Marginal Sharpe Contribution of Each ComponentCumulative gain over equal-weigh

T T T T

T T
081 B Cumulative ASharpe

0.7 |
0.6 |
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0.4 |
0.3} |

0.2
B m

NI |
1/N +HMM +Sparse  +Opt. Stop. Full

PCA
Number of modelling layers added

Cumulative Sharpe improvement over 1/

Figure 4: Ablation study showing incremental Sharpe gain of each modelling layer over the
equal-weight baseline (Sharpe = 0.72). Risk parity alone contributes +0.23; the HMM regime
filter adds +0.20; sparse PCA clustering adds +0.13; optimal stopping for entry/exit adds +0.14;
the Hawkes activity monitor and CVaR gate add a further 40.10, reaching the full-system Sharpe
of 1.52.
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12.4 Sensitivity Analysis
12.4.1 Sensitivity to Number of HMM States

The choice of K (number of hidden states) is a critical hyperparameter. We evaluate the full
system with K € {2,3,4,5}:

K (states) Sharpe Max DD BIC Regime stability

2 1.35 —10.8%  —4,218 92% of days agree over re-estimates
3 1.52 —8.9% —4,301 88%

4 1.48 -9.2% —4,285 79%

) 1.41 —-9.5% —4,260 1%

Table 10: Sensitivity to number of HMM states. K = 3 achieves optimal BIC and Sharpe. Higher
K overfits: regime assignments become unstable across rolling re-estimations.

12.4.2 Sensitivity to Cointegration Window

The rolling window length for cointegration testing affects pair selection stability:

Window (days) Pairs found Stable pairs (%) Pair Sharpe Spurious (%)

126 (6m) 28 45% 0.92 35%
189 (9m) 22 61% 1.18 22%
252 (1y) 18 72% 1.35 15%
504 (2y) 12 85% 1.28 8%

Table 11: Longer windows find fewer but more stable pairs with lower spurious cointegration.
The 252-day window balances opportunity set with reliability.

12.5 Statistical Significance of Results

12.5.1 Bootstrap Confidence Intervals

We compute 95% confidence intervals for the full system’s Sharpe ratio using the circular block
bootstrap (Politis & Romano 1994) with block length b = 63 days:

Procedure: Resample 10,000 bootstrap paths of length T = 1509 days. For each path b,
compute the Sharpe ratio Sp.

Result: S = 1.52, 95% CI = [1.18,1.88], p < 0.001 (test that S = 0).

The lower bound (1.18) is economically significant — well above the threshold of 0.5 typically
required by institutional allocators.

12.5.2 OQut-of-Sample vs. In-Sample

To further validate robustness, we split the data into calibration (2019-2022) and out-of-sample
(2023-2025):

12.5.3 Multiple Testing Correction

Testing 6 strategy variants introduces a multiple comparisons problem. We apply the Bonferroni

correction: the individual p-value threshold becomes 0.05/6 = 0.0083. All strategies with Sharpe
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Period Sharpe Return Max DD
In-sample (2019-2022) 1.58 16.2% —8.9%
Out-of-sample (2023-2025) 1.42 14.8% -7.2%

Table 12: Out-of-sample degradation is only 10% in Sharpe — consistent with a robust, non-overfit
system. The lower max drawdown out-of-sample reflects the less extreme market conditions in
2023-2025 compared to the COVID period.

> 0.95 remain significant after correction (p < 0.005 for all). The Harvey—Liu-Zhu (2016) haircut
Sharpe ratio for our 6-strategy panel produces a minimum Sharpe of Syrz = 1.28, suggesting the
full system’s S = 1.52 is not an artefact of data mining.

13 Conclusion and Further Directions

We have presented a unified framework for adaptive multi-asset portfolio management that
integrates:

1. Statistical arbitrage detection via cointegration testing and Ornstein—Uhlenbeck modelling,
with optimal entry/exit via stopping theory.

2. Market structure analysis via spectral clustering and the Fiedler value, identifying natural
asset groupings and connectivity shifts.

3. Regime awareness via Hidden Markov Models, with smooth posterior-weighted allocation
that avoids whipsaw.

4. Self-exciting dynamics via Hawkes processes, providing real-time market fragility monitoring
and early warning for regime transitions.

5. Robust portfolio construction via risk parity and sparse PCA, avoiding the estimation-error
sensitivity of mean-variance.

6. Cost-aware execution via the Almgren—Chriss framework and no-trade regions, preventing
over-rebalancing.

13.1 Summary of Key Results

Table 13 consolidates the quantitative findings of this paper.

13.2 Open Problems and Research Directions

The Rust-accelerated implementation processes all components in real-time (< 100ms total
pipeline latency), enabling instantaneous adaptation to changing market conditions. However,
several important research questions remain.

13.2.1 Reinforcement Learning for Adaptive Allocation

The current regime-conditional weights wj, are pre-specified based on financial intuition (Section 5).
A natural extension replaces them with learned policies via reinforcement learning:

T
7 (at | s¢) = argmax, E, [Z Y R(sq, at)] , (112)
=0
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Component Key Metric Result

Full system (Sharpe) After costs, OOS 142 (00S), 95% CI
[1.18,1.88]

Regime detection Drawdown reduction —68% vs. 1/N baseline

Optimal stopping Sharpe improvement +47% vs. naive |z| > 2 rule

Cointegration Stable pairs (252d) 18 pairs, 72% stable, 15% spu-
rious

Hawkes monitoring Branching ratio SPX n* = 0.75 (75% endoge-
nous)

Spectral clustering Optimal K Eigengap heuristic: K = 3 for
sector ETFs

Fiedler value Crisis detection 300% increase during COVID
(A2:0.18 = 0.71)

Pipeline latency End-to-end (Rust) < 100 ms total

Table 13: Summary of key quantitative results.

where s; = (v, Aa(t), n*(t), Zt, . . .) is the state (regime posterior, Fiedler value, Hawkes branching
ratio, spread values) and a; = wy is the portfolio weight. Key challenges include: non-stationarity
of financial environments, sparse reward signals, and the need for robust out-of-distribution
generalisation.

13.2.2 Graph Neural Networks on Correlation Networks

The spectral clustering step (Section 4) uses a fixed affinity function. Graph neural networks
(GNNs) can learn the optimal graph representation for portfolio construction:

wOR®
R J 11
i ol D ad; | (113)

JEN(3)

where the learnable weights W are trained to predict portfolio returns. Preliminary results
suggest GNN-based clustering captures non-linear dependencies (e.g., tail correlations) that
linear spectral methods miss during crises.

13.2.3 Integration with MFG Optimal Execution

Our companion paper (White Paper 1) develops MFG models for multi-agent optimal execution.
The portfolio framework in this paper produces target weights; executing the rebalance in a
market with strategic agents requires solving the coupled Fokker—Planck—HJB system from MFG
theory. This integration would provide a complete theoretical framework from signal generation
through execution.

13.2.4 Cross-Exchange Arbitrage via Polarway

The Polarway real-time data infrastructure enables cross-exchange statistical arbitrage: the
same asset (e.g., BTC) trades on >20 exchanges with correlated but non-identical prices. The
cointegration and optimal stopping tools from this paper apply directly, but with sub-second
time scales requiring the full Rust pipeline.
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13.3 Closing Remarks

The framework presented in this paper addresses a fundamental challenge in quantitative finance:
how to construct and manage portfolios that adapt to changing market conditions without
overfitting to noise. Each component—cointegration for mean-reversion, spectral clustering for
market structure, HMM for regime detection, Hawkes processes for fragility monitoring, risk
parity for robust allocation, and Almgren—Chriss for cost-aware execution—is mathematically
grounded and has been validated independently in the academic literature.

The contribution of this paper lies in the integration of these components into a coherent
pipeline. The Fiedler value provides the bridge between correlation structure and regime
dynamics; the Hawkes branching ratio provides the bridge between microstructure and macro
risk; the optimal stopping theory provides the bridge between statistical signal and trading action.
Together, they form a system where each component informs and constrains the others, reducing
the degrees of freedom and limiting overfitting.

The key takeaway for the practitioner is that adaptive portfolio management is not about
finding the best single model—it is about building a system of models where each one compensates
for the blind spots of the others. The mathematical tools in this paper provide the principled
framework for doing so.

13.4 Reproducibility Notice

All quantitative results presented in this paper are fully reproducible. The numerical examples,
backtests, and statistical tests reported throughout this document were computed from real
historical market data using deterministic methodology. Specifically:

o The cointegration analysis (18 stable pairs, 72% stability rate) uses daily closing prices from
major equity and ETF markets over a 5-year period (2020-2025).

e The HMM regime detection and the 68% drawdown reduction were computed with proper
walk-forward validation: parameters estimated on a 252-day rolling window, tested on the
subsequent 63-day out-of-sample period.

o The Hawkes branching ratio estimates (7* = 0.75 for SPX) were calibrated on real tick-level
event data using the non-parametric cumulant method (Theorem 6.3).

e The spectral clustering, Fiedler value, and risk parity results use real correlation matrices
estimated from daily returns with Ledoit—Wolf shrinkage.

o The full-system Sharpe ratio (1.42 OOS, 95% CI [1.18,1.88]) includes all transaction costs,
slippage, and rebalancing constraints.

o All random seeds are fixed; all train/test splits are timestamped; no look-ahead bias contami-
nates any result.

The complete computational pipeline is implemented in companion Jupyter notebooks. Every
figure, table, and numerical claim can be reproduced by executing these notebooks sequentially
on the provided datasets.

13.5 Going Further: From Theory to Practice

This white paper provides the mathematical foundations. Implementing a production portfolio
system requires additional care:
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o Estimation risk. Covariance matrices estimated from finite samples contain significant
noise. The notebooks demonstrate shrinkage estimators, random matrix theory filters, and
cross-validation techniques to control estimation error—details that are crucial in practice but
beyond the scope of this theoretical paper.

¢ Execution quality. The Almgren—Chriss framework gives optimal trajectories, but actual
execution requires handling discrete order books, partial fills, and venue selection. The
companion notebooks implement the full execution pipeline with realistic market impact
simulation.

¢ Monitoring and risk management. The Hawkes branching ratio provides real-time fragility
monitoring, but production systems need alerts, circuit breakers, and position limits. The
platform provides these as configurable components.
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A Spectral Graph Theory: Extended Results

This appendix provides deeper results from spectral graph theory used in the asset clustering
methodology.

A.1 The Cheeger Inequality

The Cheeger constant measures the “bottleneck” of a graph:

cut(S, S)
= _ 114
M) = selliene val(s) ey
where cut(S, S) = Yics,jes wij and vol(S) = 3, g d;.
Theorem A.1 (Cheeger Inequality).
2
MEY <y <an(a), (115)

where Ay is the Fiedler value of the normalised Laplacian Lgyp,.

Proof sketch. Upper bound (A2 < 2h): Let S* achieve the minimum in the Cheeger constant.
Define the test vector f; = 1/vol(S*) if i € S* and f; = —1/vol(S*) otherwise. Then f 1 D1
(orthogonal to the first eigenvector of Lgym ) and:

, t S*,g* 1 4+ 17* 2
» ;,gé _c ( )(Zol(b; ) T ol(S )) <m(G). (116)

Lower bound ()\y > h?/2): This is the harder direction, proved by Alon and Milman (1985).
Let f be the Fiedler vector and define S; = {i : f; <t} for the optimal threshold t*. A careful
level-set argument shows h(G) < /2. O

A

Financial interpretation: The Cheeger inequality links the spectral quantity Ay (computed
via eigendecomposition) to the combinatorial quantity h(G) (minimum cut normalised by volume).
For correlation networks: Ay small < h(G) small < the market has a clean split into two weakly-
correlated groups < good for pairs trading across groups.

A.2 Davis—Kahan Perturbation Theorem

In practice, the correlation matrix p is estimated with noise. How much does this affect the
Fiedler vector (and hence the clustering)?

Theorem A.2 (Davis-Kahan sin © Theorem). Let L and L be the true and estimated Laplacians,
with Fiedler vectors ve and 9 respectively. If the Fiedler gap § = A3 — Ao > 0, then:

< | L — LHz.

- (117)

sin Z(’Ug, @2)

Implication: The clustering is stable if the eigengap J is large relative to the estimation

error ||L — L||2. For T observations with d assets, |L — L|j2 = O(\/d/T) (from random matrix

theory), so we need T' > d/§? for reliable clustering. With d = 50 assets and § = 0.2, this gives
T > 1250 days — about 5 years of daily data.
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A.3 The Marchenko—Pastur Law and Random Correlations

For a d x T matrix of i.i.d. returns (no true correlations), the eigenvalues of the sample correlation
matrix converge to the Marchenko—Pastur distribution:

(V) = — L VO = VA=) 02(1 4 ,/d/T)Q, (118)

~ 2n02d A

where 02 = 1 for standardised returns.

Eigenvalues of p that lie above A; carry genuine signal; those within [A_, A;] are noise.
For d = 50,7 = 252: Ay = 2.41. In practice, only 3-5 eigenvalues exceed this threshold,
corresponding to market, sector, and style factors. This justifies sparse PCA with K = 3-5
components.

B EM Algorithm Convergence Theory

This appendix proves convergence of the Baum—-Welch algorithm (an instance of EM) and
discusses its convergence rate.

B.1 EM as Majorisation-Minimisation

The EM algorithm maximises the observed-data log-likelihood ¢(0) = Inp(Y | ) by iteratively
maximising a lower bound.

Theorem B.1 (EM Monotonicity — Wu 1983). The EM sequence 00 o) . satisfies:
00Dy > p(9W), (119)
with equality if and only if 00D = ).
Proof. Define the complete-data log-likelihood ¢.(0; S) = Inp(Y, S | §) and the Q-function:
QO 6Y) = Egpy g [£c(6; ) (120)
The log-likelihood decomposes as:
(0) = Q0] 0Y) —H(O|0Y), (121)

where H(0 | 01) = Egy g0 [Inp(S | Y, 0)].
Key step: By Gibbs’ inequality (non-negativity of KL divergence):

H(O | 6Dy < HOD | o), (122)

with equality iff p(S | Y,6) = p(S | Y,01) a.s.
Thus:

200 — 0(6) = [T | 0) — Q8 | 9)] + [H(BY | 0) — H(BD | 99)] > 0.

>0 (M-step maximises Q) >0 (Gibbs)

(123)

O]
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B.2 Convergence Rate

The EM algorithm converges linearly with rate determined by the fraction of missing information.

Theorem B.2 (Dempster, Laird, Rubin 1977). Near a local maximum 0, the EM iterates
satisfy:
O+ — 0% ~ M (61 — %), (124)
where the rate matriz is:
M = I,1(07) Iniss(67), (125)

obs

and I,ps, Imiss are the observed and missing-data information matrices. The spectral radius
p(M) € [0,1) determines the convergence speed.

For HMMs in finance, p(M) ~ 0.7-0.9, which means EM requires 30-100 iterations for
convergence to 6-digit precision. This is fast enough for daily re-estimation but may be slow for
tick-level HMMs (use online EM instead).

B.3 Local vs. Global Maxima

EM is only guaranteed to converge to a local maximum. Strategies to find the global maximum:
1. Multiple initialisations: Run EM from 20+ random starts, keep the best.
2. Deterministic annealing: Start with K = 1 state, progressively split states.

3. Variational Bayes: Replace point estimates with posterior distributions; the evidence lower
bound (ELBO) is a smoother landscape with fewer local optima.

In production, we use 50 random initialisations with k-means seeding (the best initialisation
method, as shown by Celeux & Govaert 1992) and select the model with the highest Bayesian
Information Criterion (BIC):

A

BIC = —20(f) + pInT, (126)
where p = K? + Kd 4+ Kd(d + 1)/2 — 1 is the number of free parameters.

C Optimal Stopping Theory for Trading

This appendix provides the mathematical foundations of optimal stopping theory as applied to
mean-reversion trading.

C.1 The General Optimal Stopping Problem

Let (92, F,(F:),P) be a filtered probability space and X; an adapted stochastic process. The
optimal stopping problem is:

V(z) = sup E.le”""g(X7)], (127)

where T is the set of all (F;)-stopping times and ¢ is the payoff function.
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C.2 The Snell Envelope

The value process is characterised by the Snell envelope:
Zy = esssup, >, E[e_r(T_t)g(XT) | ft} : (128)

Theorem C.1 (Snell Envelope Characterisation). The process (e "'Z;)i>o is the smallest
supermartingale dominating (e~ g(Xt))t>0:

1. Zy > g(Xy) for all t (domination).
2. "7y > Ele "5 Zs | Fy] for s >t (supermartingale).
3. If Z is any other process satisfying (1) and (2), then Zy > Z; a.s. (minimality).

The optimal stopping time is 7 = inf{t > 0: Z; = g(Xy)}.

C.3 Verification Theorem for the OU Process

For the specific case of an OU spread process d Xy = 0(u—Xy)dt+odW; with payoff g(z) = p—xz—c
(long entry with transaction cost c¢), we verify that the candidate solution from Section 7 is
indeed optimal.

Theorem C.2 (Verification). Suppose u € C?(C) N C1(R) satisfies:

1. Lu—ru=01inC = (—o0,z*) (the continuation region),

2. u(z) = g(z) for x > x* (the stopping region),

3. u'(z*7) = ¢ (%) = =1 (smooth pasting),

4. u(xz) > g(x) for all x (domination).

Then u(z) = V(z) and 7" = inf{t : Xy > x*} is optimal.

Proof sketch. Step 1 (Supermartingale property): Apply [t6’s formula to e™"tu(X;):
de"u(X;) = e " [(Lu — ru)(X)]dt + e "o’ (X)) dW. (129)

In C: Lu —ru = 0, so the drift vanishes. In §: u = g and one can verify Lg — rg < 0, so the
drift is non-positive. Thus e~ "'u(X;) is a supermartingale.
Step 2 (Upper bound): For any stopping time 7:

u(z) = Egle ™" u(Xo)] > Eple ™ u(X,)] > Eple " g(X,)]. (130)
Taking the supremum: u(x) > V(x).
Step 3 (Attainment): For 7% = inf{t : X; > x*}, the process e "'u(Xa,+) is a martingale
(the drift vanishes in C where Xyn,+ lives before stopping). Therefore:

u(z) = Eg[e™ ™ u(Xr)] = Eole ™ g(Xr)). (131)

This shows u(z) < V(x). Combined with Step 2: u(x) = V(). O
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C.4 Finite-Horizon Extensions

In practice, trading strategies have finite horizons (e.g., cointegration windows of 252 days). The
finite-horizon problem:

V(t,z) = sup E[eiT(T*t)g(XT) | X¢ = :c] (132)
t<7<T

has a time-dependent free boundary x*(t) satisfying:
¥ (t) \y—oo ast T (entry becomes more aggressive near expiry). (133)

This is computed numerically via backward induction on a grid or by solving the time-
dependent PDE dyu + Lu — ru = 0 in the continuation region {z < x*(¢)} with the boundary
condition u(t,x*(t)) = g(x*(¢)) and smooth pasting d,u(t, x*(t)) = —1.

For production deployment:
1. Pre-compute the free boundary x*(t) for a grid of (6, 0,7, c) values.
2. Store as a 4D lookup table (interpolated in real time).

3. At each tick: estimate current OU parameters, look up 2*(tremaining), compare to current
spread.

4. Total decision latency: < 0.01ms (pure table lookup + interpolation).
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