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This document provides a self-contained mathematical primer for readers approaching the
HFThot Research Lab article “Yang-Mills: Why a Million-Dollar Problem Has Resisted
for 70 Years.” That article moves quickly, by design: it explains the gauge principle,
states the Yang—Mills action and field equations, gives the exact statement of the Clay
Millennium Problem, and connects the mass gap to asymptotic freedom, instantons, the
Higgs mechanism, and high-frequency gravitational waves — all in the space of a long
blog post. Here we build, from first principles, the machinery the article assumes: Lie
groups and Lie algebras (with SU(N) as the running example), principal bundles, con-
nections and curvature (the geometric meaning of the gauge field A, and field strength
F,.), the variational derivation of the Yang-Mills field equations, the Wightman and
Osterwalder—Schrader axioms needed to state the mass gap problem rigorously, the one-loop
renormalisation-group derivation of asymptotic freedom, the topological classification of
instantons via the Bogomolny bound, and the spontaneous-symmetry-breaking computation
behind the Higgs mechanism. Each section contains full derivations, worked examples, and
exercises with solutions. The treatment is rigorous but self-contained, pitched at the level
of a first-year graduate course in mathematical physics.

Prerequisites

Required background for this primer: multivariable calculus, linear algebra (eigen-
values, matrix exponentials, inner products), elementary group theory (what a group is,
what a homomorphism is), and the physicist’s notion of a Lagrangian and the principle of
stationary action. Familiarity with special relativity (four-vectors, the metric 7,,) and
with the quantum-mechanical wavefunction is assumed at the level used in the companion
article’s own Section 1. No prior exposure to differential geometry, Lie theory, or quantum
field theory is required — we build all of it here.
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1 How to Use This Document

This primer is organised in dependency order: each section builds on the ones before it, and each
section unlocks specific claims made in the companion article (hereafter “the article”). Table 1
gives the correspondence at a glance; Section 9 at the end works through it in detail, quoting the
exact article passages each piece of mathematics supports.

Table 1: Which section of this primer unlocks which section of the article.

This primer Article section it unlocks

§2 Lie groups and algebras §1-2: what a gauge group is; why non-abelian = non-
commuting

§3 Bundles, connections, curvature §1-3: the geometric origin of A, and F},,

§4 The Yang-Mills action and field equa- §3: the action Sym and the equation D, F'* = J¥

tions

§5 Constructive QFT and the mass gap §5: the exact Clay Millennium Problem statement

§6 Asymptotic freedom §6 (first half): the running coupling as(Q)

§7 Instantons and topological charge §6 (second half)-§7: instanton action, winding numbers,
f-vacua

§8 The Higgs mechanism §8: why Higgs # mass gap

For a reader who wants only the minimum required to follow a specific article claim, we
recommend the following entry points:

Path 1: “Why does non-commutativity matter?” (article §2). Read §2 up through §2.5
(structure constants).

Path 2: “Where do A, and F),, come from, geometrically?” (article §1, §3). Read §3 in full.

Path 3: “What exactly is the Millennium Problem asking?” (article §5). Read §5 in full; it
is self-contained given only §4.

Path 4: “Why does the coupling run, and what is an instanton?” (article §6-§7). Read §6
and §7.

Path 5: “How is the Higgs different from the mass gap?” (article §8). Read §8; it only needs
§4.

Key Insight

Boxes like this one connect the mathematics back to a specific claim in the article. Lab
Reference boxes point to the pysic-rs code recipes discussed in the article’s §10, where
applicable.

Throughout the text we use the notation fixed in Appendix 10. We follow, wherever the topics
overlap, the conventions already established in this author’s companion primer Prerequisites for
Chern—Simons Theory, since Chern—Simons theory lives on the same principal-bundle formalism
as Yang—Mills theory and shares its treatment of connections, curvature, and Wilson loops.
References to the companion article are given as “[Article, §n].”
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2 Lie Groups and Lie Algebras

The article’s central move is to replace the circle U(1) by a bigger, non-commuting group SU(N).
To see why that single change is responsible for everything that follows — self-interacting fields,
non-linear equations, confinement, the mass gap itself — we need the minimum amount of Lie
theory to make “non-commuting” a precise, computable statement rather than a slogan.

2.1 Groups, symmetries, and continuous transformations

Definition 2.1 (Group). A group is a set G with a binary operation - : G x G — G such that:
(i) (gh)k = g(hk) for all g, h, k € G (associativity); (ii) there exists e € G with eg = ge = g for
all g (identity); (iii) for every g € G there exists ¢g~! € G with gg~! = g~ 'g = e (inverse).

A symmetry of a physical system is a transformation that leaves the equations of motion
(equivalently, the action) invariant. The collection of all such transformations composes into
a group: doing nothing is the identity, undoing a symmetry is its inverse, and performing two
symmetries in sequence is again a symmetry.

Definition 2.2 (Lie group). A Lie group is a set G that is simultaneously (i) a group, and (ii) a
smooth (finite-dimensional) manifold, such that the group operations (g, h) +— gh and g — g~ !
are smooth maps.

The point of Definition 2.2 is that a Lie group is both an algebraic object (you can multiply
elements) and a geometric one (you can move continuously between elements, take derivatives,
integrate over the group). Gauge theories exploit both structures at once: the algebraic structure
tells you how fields at a point transform; the geometric structure tells you how to compare fields
at different points, which is exactly what a connection does (§3).

Example 2.1 (The circle U(1)). U(1) = {¢’® : a € R} 2 S', with group law e’®1 .2 = ¢ila1+e2)
and inverse (e'®)~! = e~ This is a 1-dimensional, compact, abelian Lie group: it is the gauge
group of electromagnetism, and [Article, §1] builds the covariant derivative D, = 9, + igA,
directly from demanding invariance under ¢ — e?@(®)q),

Example 2.2 (Rotations SO(3)). SO(3) = {R € M3(R): RTR = I, det R = +1}, the group of
rotations of R3. It is 3-dimensional (three Euler angles), compact, and non-abelian: rotating first
about z then about y is not the same as the reverse order. This is the simplest example of the
phenomenon at the heart of the article — symmetries that do not commute.

Definition 2.3 (The special unitary group SU(N)). SU(N) = {U € My(C): UTU = I, detU =
+1}. As a real manifold, SU(N) has dimension N2 — 1: a general unitary matrix has N? real
parameters, one is removed by the determinant condition.

SU(2) (dimension 3) is the gauge group of the weak isospin symmetry used in the electroweak
theory (§8); SU(3) (dimension 8) is the gauge group of quantum chromodynamics, the theory to
which the Yang—Mills mass gap problem is usually understood to refer.

2.2 SU(2) as the sphere S*

Because SU(2) recurs constantly — as a gauge group, as the double cover of SO(3), and as the
group whose third homotopy group classifies instantons in §7 — it is worth making its geometry
completely explicit.



2 LIE GROUPS AND LIE ALGEBRAS HFThot Research Lab

A general element of SU(2) can be written

U:(a __b>, a,beC, laf* + |b]* = 1.
b a

Proposition 2.1. SU(2) is diffeomorphic to the unit sphere S> C R*; in particular it is compact
and simply connected.

Proof. Write a = x1 + i1z, b = x3 + tx4 with x; € R. The unitarity constraint Ul =1
together with det U = |a|? + |b|? forces det U = 1 automatically once |a|> + |b]? = 1, and this
single real equation reads a2 + 23 + 23 + 3 = 1, the defining equation of S* C R*. The map
(a,b) — (21, T2, 23,24) is a diffeomorphism onto S3 by construction, and it is compatible with
the smooth manifold structure inherited from M(C) = R®. Since S® is compact and simply
connected (71(S3) = 0, a standard fact: any loop on S™ for n > 2 can be contracted, by general
position, since a loop is 1-dimensional and cannot cover an n-dimensional sphere for n > 2),
SU(2) inherits both properties. O

Proposition 2.2 (The double cover SU(2) — SO(3)). The map ® : SU(2) — SO(3) defined by
O(U)Z-G := U(Z-7)UT (for & € R® and & the Pauli matrices) is a surjective group homomorphism

with kernel {£1}. Consequently SO(3) = SU(2)/{xI} and m1(SO(3)) = Zs.

Proof. For U € SU(2) and # € R3, the matrix U(Z - &)U is again traceless and Hermitian
(conjugation preserves both properties), so it equals - & for a unique 7 € R3; define ®(U)Z := 7.
Using (Z- 7)? = |Z|21, one computes det(ij- &) = —|§]> = det(U(Z - 7)UT) = det(Z - &) = —|7|?,
so ®(U) preserves the Euclidean norm and hence lies in O(3); continuity in U and connectedness
of SU(2) (it cannot jump between the two components of O(3)) force ®(U) € SO(3). That ® is
a homomorphism follows directly from ®(UyUs)(Z - &) = UrUs (% - &) UIU, = Q(UL)(®(Us)T - 7).
For the kernel: Uc'UT = ¢* for all i = 1,2,3 means U commutes with a spanning set of the
traceless Hermitian 2 x 2 matrices, hence with all of M3(C); by Schur’s lemma U is a scalar, and
U € SU(2) forces U = £1I. Surjectivity follows because every rotation is generated by elements
¢7'/2 whose images under ® generate all of SO(3). O

Remark 2.1. Proposition 2.2 is the mathematical origin of half-integer spin: a rotation by 27 is
the identity in SO(3), but its lift ¢/(0+2m)0s/2 = _¢i003/2 iy S/ (2) differs from the identity lift
by a sign. A spin—% wavefunction genuinely changes sign under a full rotation, something no
rotation of a classical vector can distinguish. We will not need this fact directly, but it is the
same topological mechanism (71(SO(3)) = Zy # m(SU(2)) = 0) that reappears, one homotopy
degree up, when we classify Yang—Mills vacua by 73(SU(N)) = Z in §7.

2.3 The Lie algebra: linearising the group at the identity

Working with the full non-linear group SU(N) is unwieldy. Yang—Mills theory instead works
with the linearisation of the group at the identity — the Lie algebra — which is a vector space,
and hence immensely easier to manipulate. All of the field content of a gauge theory (A4,, F..)
takes values in this vector space.

Definition 2.4 (Lie algebra). A Lie algebra over R (or C) is a vector space g equipped with a
bilinear, antisymmetric bracket [-,-] : g x g — g satisfying the Jacobi identity

[X7 [}/,ZH+[Y,[Z,X]]+[Z,[X,Y]]:0, VX,Y,Z € g. (1)

Proposition 2.3. If G is a Lie group, the tangent space at the identity g := T.G carries a
natural Lie algebra structure, with bracket given by the commutator of left-invariant vector fields:
[X,Y]:=XoY —Y oX (as first-order differential operators), restricted to T.G.
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Proof. Extend X € T.G to a left-invariant vector field )Z'g = (Lg)+X, where Ly(h) = gh
is left translation. The commutator of two smooth vector fields is again a smooth vector
field, and the commutator of two left-invariant fields is left-invariant (because (Lg)*[)N( Y] =
[(Lg)*)? , (Lg)*?] = [X,Y], using that pushforward by a diffeomorphism intertwines Lie brackets
of vector fields), so it is itself the left-invariant extension of some tangent vector at e; call
that vector [X,Y]. Antisymmetry of the bracket is immediate from antisymmetry of the
commutator of operators. The Jacobi identity for commutators of any associative operations,
[X,Y],Z] +[[Y,Z], X] + [[Z,X],Y] = 0, is a direct algebraic identity (expand all six terms
XYZ, YXZ, ... and check they cancel in pairs), and is equivalent to (1) by antisymmetry. [

For a matriz Lie group G C GL,(C) (which includes every group we use in this primer), g
can be realised concretely as a space of matrices, and the abstract bracket of Proposition 2.3
reduces to the ordinary matrix commutator [X,Y] = XY —Y X.

Example 2.3 (s5u(2)). su(2) = {X € M(C) : X' = —X, tr X = 0}: traceless anti-Hermitian
2 x 2 matrices, a 3-dimensional real vector space. A convenient basis is T}, := 50, (a = 1,2,3),
where o, are the Pauli matrices. One computes directly, using o,0p = dgpd + i€4pc0c, that

[TaaTb] = _EabcTc-

Example 2.4 (su(3)). su(3) is 8-dimensional; a standard basis is T, := £),, where A, (a =
1,...,8) are the Gell-Mann matrices. This is the Lie algebra whose 8 generators correspond to
the 8 gluons of quantum chromodynamics.

2.4 The exponential map

Theorem 2.1 (Matrix exponential). For a matriz Lie group G C GL,(C) with Lie algebra
g C M,(C), the map
exp:g— G, exp(X) ::Zﬁ
k=0
is well-defined, smooth, and restricts to a diffeomorphism from a neighbourhood of 0 € g onto a
neighbourhood of e € G.

Proof. The series converges absolutely in operator norm since ||exp(X)| < 3, | X||¥/k! =
el Xl < 00, and term-by-term differentiation shows exp is smooth (indeed real-analytic). That
exp(X) € G for X € g follows from the defining equations of G: e.g. for G = SU(N), X = - X
gives exp(X)I = exp(XT) = exp(—X) = exp(X)~!, so exp(X) is unitary, and detexp(X) =
e"X = 0 = 1 since tr X = 0. The differential of exp at 0 is the identity map on g (differentiate
the series term by term at X = 0: only the linear term survives), so the inverse function theorem
gives a local diffeomorphism near the origin. O

Theorem 2.1 is what lets us move between the algebra (where gauge fields live) and the
group (where gauge transformations live): a gauge transformation close to the identity is
g(x) = exp(ia®(z)T*) for small parameters a®(z), and 64y, = Jd,a® + fabcAzac + 0(a?) is
obtained by differentiating the finite gauge transformation law of §3 at o = 0.

2.5 Structure constants and the meaning of non-commutativity

Fix a basis {T' a}gi:mlg of g. Since the bracket of any two basis elements is again in g, it can be
expanded in the same basis:
[T, 1°) = if "1, (2)
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where the (real) numbers f%¢ — summed over the repeated index ¢ — are the structure constants
of g in that basis. They completely determine the Lie algebra: two Lie algebras with the same
structure constants (in some choice of bases) are isomorphic.

Proposition 2.4. The structure constants satisfy:

(i) Total antisymmetry (for a basis with tr(T*T’) = $6%°, the standard normalisation): fo
s antisymmetric under any transposition of a, b, c.

(ii) The Jacobi identity in components:

fadefbce + fbdefcae + fcdefabe =0 (sum over 6).

Proof. (i) Antisymmetry under a <> b is immediate from antisymmetry of the bracket, [T, T] =
—[T®,T9]. For the remaining antisymmetry, use i f2%¢ = WQ tr([T¢, T°T°) = 2tr([T°, T°T¢)
(no sum on ¢, using the trace normalisation and orthogonality of the basis under the trace form).
Cyclicity of the trace, tr([T¢, T?|T¢) = tr(T*T*T¢) — tr(T*TT*) = tr(T*T°T¢) — tr(T*T°T®) =
tr(T[T?, T¢]), shows £ is invariant under the cyclic permutation a — b — ¢ — a and, combined
with antisymmetry in (a,b), this forces total antisymmetry.

(ii) Substitute (2) into the Jacobi identity (1) applied to X = T%Y = T°, Z = T
[T9,[T®, T = [T?,ifbceTe] = ifbee[T?, T¢) = ifbee.jfaedTd = — fbee facdd  Summing the three
cyclic terms and requiring the coefficient of each 7% to vanish gives fbcc faed 4 feae fbed | fabe geed
0; relabelling d — e and using total antisymmetry from (i) reproduces the stated identity. [

Example 2.5 (su(2): six non-zero structure constants). From Example 2.3, [T, Tp] = —capeIe-
Rewriting with the ¢ pulled out as in (2), f%¢ = iea. up to a real rescaling convention; choosing
the normalisation in which f®¢ is real gives f*¢ = £2%¢ exactly, the fully antisymmetric symbol.
There are exactly 3! = 6 non-zero entries (the permutations of (1,2, 3)), each equal to =1. This
matches the pysic-rs computation quoted in [Article, §2]: “For su(2), fo¢ = ¢%¢: 6 non-zero
entries.”

Example 2.6 (su(3): fifty-four non-zero structure constants). For su(3) there are 9 independent
non-zero triples (a,b,c) up to sign and ordering (they correspond to the roots of the Ay root
system, Example 2.8 below), and total antisymmetry (Proposition 2.4(i)) turns each into 3! = 6
signed permutations, giving 9 x 6 = 54 non-zero entries out of 8 = 512 total — exactly the
count quoted in [Article, §2].

Remark 2.2 (Why this is the entire difficulty). For U(1), dimg = 1 and there are no independent
indices left over for a structure constant to carry: f%¢ = 0 identically. This single fact is why
the field-strength tensor for electromagnetism is the simple bilinear F,, = 9,4, — 0, A,, and
why Maxwell’s equations are linear. The moment fo%¢ # 0 — which happens for any non-abelian
group, starting at SU(2) — the field strength acquires the extra term ig f“bCAZA,C/ (equivalently
ig[Au, Ay] in matrix notation; we derive this in Theorem 3.1 of §3), the classical field equations
become non-linear in A, and the gauge field acquires self-interactions. Every hard question in
the rest of this primer — asymptotic freedom, instantons, confinement, the mass gap — is a
consequence of ¢ = 0 in Equation (2).

2.6 Representations

Definition 2.5 (Representation). A representation of a Lie group G on a vector space V' is a
smooth group homomorphism p : G — GL(V'). Its derivative at the identity, dp : g — End(V),
is a representation of the Lie algebra: dp([X,Y]) = [dp(X),dp(Y)].
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Example 2.7 (The fundamental and adjoint representations of SU(N)). The fundamental
representation is p(U) = U acting on V = C¥ by ordinary matrix multiplication; matter
fields (quarks) transform in this representation. The adjoint representation acts on g itself
by conjugation, Ad(U)X := UXUT; differentiating at the identity gives ad(X)Y := [X,Y].
The gauge field A, always transforms in the adjoint representation (it takes values in g itself,
Definition 3.4 below), which is why A,, has dim g components (3 gluon-like components for SU(2),
8 for SU(3)).

Example 2.8 (su(3) root structure). Choose the Cartan subalgebra h C su(3) (simultaneously
diagonalisable, dim h = 2). The remaining six generators organise into three pairs T4, Uy, Vi,
each pair raising/lowering one of the six roots arranged in a regular hexagon in the 2-dimensional
weight plane — the familiar hexagonal pattern of the meson and baryon octets in the eightfold
way. Each non-zero root « corresponds, via Equation (2), to one of the 9 independent non-zero
structure-constant triples of Example 2.6.

Exercises.
1. Verify Example 2.3’s bracket [Ty, Tp] = —eapeIe directly from o,04 = dgpl + i€ape0e.

2. Show that U(1), su(2), and su(3) all have structure constants satisfying Proposition 2.4(ii)
trivially in the U(1) case, and verify it explicitly for one non-trivial triple of su(2).

3. Prove that exp(X)exp(Y) = exp(X +Y) whenever [X,Y] = 0, and exhibit X,Y € su(2)
for which this fails.

4. Using Proposition 2.2, explain why a representation of SO(3) automatically gives a repre-
sentation of SU(2), but not conversely.

Solutions

Solution to Exercise 1. T, T, = %aa . %ab = —%aaab = —i(éabl + i€4pe0c). Antisymmetrising,
the 451 term cancels and [Ty, Ty] = —jeape(0e — (—0¢)) - %, ie. [To, Ty = ToTy — TyTo = — 7 -
28 qbeTc = %é‘achc" (—1) = —aabc(%ac) . % Tracking constants carefully: [T,,T] = —%[UQ, op) =
_i(2i5abcac) = _%&zbcac = —€apcle v [

Solution to Exercise 2. For U(1), dimg = 1 so every structure constant ¢ carries repeated
indices from a one-element index set and is forced to vanish by antisymmetry (Proposition 2.4(i)
already gives f1!! = —f!11 = 0); the Jacobi identity in components holds as 0 = 0. For
su(2) with f%¢ = g% take (a,b,c,d,e) summed appropriately, e.g. fix the free indices to
(1,2,3) in fadefbee 1 fbde feae y gede pabe — () with ¢ = 1,b = 2,¢ = 3,d = 1,e summed:
fllef23e 4 g2legdle o g3lefl2e. gnly e = 1 contributes non-trivially in some terms and one
checks the three surviving contributions (each £1 - £1) cancel in pairs, confirming the identity
numerically. O

Solution to Exercise 3. When [X,Y| = 0, the Baker—Campbell-Hausdorfl series exp(X) exp(Y) =
exp(X+Y +1[X,Y]+---) truncates after the linear term, giving exp(X) exp(Y) = exp(X+Y") ex-
actly (this is just the ordinary exponential law, valid because commuting matrices can be treated as
commuting scalars in the power series expansion). For a counterexample, take X = T7 = %o—l and
Y =T, = o3 in su(2): by Example 2.3, [T1, Tz] = =13 # 0, so exp(11) exp(T32) # exp(T1 + T3)
in general. O
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Solution to Ezercise 4. Given a representation p : SO(3) — GL(V), define p:=po ®: SU(2) —
GL(V) using the double cover ® of Proposition 2.2; this is a representation of SU(2) since
it is a composition of group homomorphisms. Conversely, not every representation of SU(2)
descends to SO(3): it does so if and only if it is trivial on ker ® = {+I}, i.e. p(—I) = I. The
spin-3 representation (Example 2.7’s fundamental representation restricted to SU(2)) sends
—I — —I # I, so it does not descend to a representation of SO(3) — the group-theoretic

statement of “spinors need the double cover.” O

9
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3 Principal Bundles, Connections, and Curvature

[Article, §1] introduces the gauge field A, as “a compensating field” needed to repair the
derivative of a locally-phase-rotated wavefunction, and [Article, §3] simply writes down F),, =
OuA, —0, A, +ig[A,, A)] without explaining where this specific formula comes from. This section
supplies the missing geometry: A, is a connection on a principal bundle, and F),, is its curvature.
Once this is in place, the field-strength formula is not an ansatz but a theorem (Theorem 3.1).

3.1 DManifolds and tangent spaces: a minimal recap

Definition 3.1 (Smooth manifold). An n-dimensional smooth manifold M is a topological space
covered by charts (Uj, ¢;), @i : Ui — R™ homeomorphisms onto open sets, such that all transition
maps ©; © @, L are C* where defined. The tangent space T, »M at p € M is the n-dimensional
vector space of directional derivative operators at p; a 1-form is an element of the dual space
TyM.

Spacetime M = R* (or, in the Euclidean formulation of §7, R* with a positive-definite metric)
is the simplest possible manifold — flat, and globally covered by a single chart — but everything
below is stated for general M because the bundle-theoretic definitions do not simplify in the flat
case; only the formulas in local coordinates do.

3.2 Fibre bundles and principal bundles

Definition 3.2 (Fibre bundle). A fibre bundle is a tuple (E,M,n,F) with # : E — M
surjective and smooth, such that every p € M has a neighbourhood U with a diffeomorphism
71 (U) 2 U x F compatible with 7 (a local trivialisation). E is the total space, M the base, F
the typical fibre.

Example 3.1 (The Mobius band). The simplest non-trivial bundle is the Mébius band, a
line bundle (F = R) over S!: two trivialising charts overlap in two arcs, related by transition
function g12 = +1 on one arc and g12 = —1 on the other (a half-twist). Unlike the trivial cylinder
(g12 = +1), the Mobius band admits no nowhere-vanishing section: any section returns to its
starting fibre with a flipped sign after one loop, hence must vanish somewhere. This is the same
obstruction, one dimension lower, as the hairy ball theorem, and it previews the key idea of this
section: a bundle can be locally trivial (locally look like U x F') yet globally twisted, and that
twisting is exactly what a gauge field measures.

Definition 3.3 (Principal G-bundle). Let G be a Lie group. A principal G-bundle is a fibre
bundle (P, M, w,G) together with a smooth right action P x G — P, (p,g) — pg, that is free
(only g = e fixes any point) and transitive on each fibre P, := 7~!(x), and such that local
trivialisations P|y = U x G are G-equivariant.

Key Insight

This is the object underlying every gauge theory. At each spacetime point z, P, is a copy
of the gauge group G representing the “internal” phase or colour degrees of freedom —
a set of directions that is not canonically identified with any fixed reference, exactly as
e in [Article, §1] carries no absolute meaning until you fix a convention. A connection
(below) is precisely a consistent, infinitesimal rule for comparing the fibres P, and P, 4,
at neighbouring points.

10
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Example 3.2 (Electromagnetism as a U(1)-bundle). For G = U(1), P, is the circle of possible
phase conventions for the electron wavefunction at z. Choosing a section (a smooth choice
of “zero phase” at every point) is a gauge choice; different sections are related by the gauge
transformations of [Article, §1].

3.3 Connections: the geometric meaning of A,

Definition 3.4 (Connection 1-form). A connection on a principal G-bundle P is a g-valued
1-form w on P such that: (i) w(X*) = X for every X € g, where X* is the vector field on
P generated by the right G-action (w reproduces the vertical, purely gauge-group directions
exactly); (ii) w is equivariant, Riw = Ad(g™")w for every g € G.

Proposition 3.1 (The local gauge potential). Given a local section s : U — P (a local
trivialisation), the pullback A := s*w is a g-valued 1-form on U C M,

A= A%(x) T dat,

and this Aj, is exzactly the physicist’s gauge potential. If s’ = sqg is a different section related to s
by a gauge transformation g : U — G, then

A% = g7l A%g + g7 tdyg. (3)

Proof. A := s*w is a 1-form on U valued in g = T.G by construction (pulling back a g-
valued form along any map into P gives a g-valued form on the domain); expanding it in
the basis T of g and dx* of T M gives the stated component form. For the transformation
law, equivariance (ii) of Definition 3.4 gives, upon differentiating s'(z) = s(x)g(z), A5 (v) =
w(ds'(v)) = Ad(g(z) " Hw(ds(v)) + g(x) 'dg(v) (the second term arising from the Leibniz rule
applied to the product s(z)g(z) and axiom (i) applied to the vertical part of the motion induced by
varying g), i.e. exactly (3) written in matrix notation (Ad(g~1')A = g~ ! Ag for matrix groups). [

Example 3.3 (U(1): recovering the Maxwell potential). For G = U(1), g = iR, write g = €.
Then g~'dg = ida, and (3) becomes A — A + ida (the commutator term g~!Ag is trivial
since U(1) is abelian). Writing A = iA,, dz* with A, real recovers exactly the Maxwell gauge
transformation A, — A, + 0,c used implicitly in [Article, §1]’s equation A, — A, — é&ua (the
sign and factor of g are convention choices, absorbed into how « is normalised).

3.4 Curvature: the geometric meaning of F),,

Definition 3.5 (Curvature 2-form). The curvature of a connection w is the g-valued 2-form on
P
Q= dw + J[w,w] = dw + w A w. (4)

Its pullback to M by a local section, F' := s*(2, is the field strength.

Theorem 3.1 (Local formula for the field strength). In a local trivialisation, writing F' =
%FﬁyT‘l dzt N dz” and A = AT dz" as in Proposition 3.1,

Ff, = 0, A% — 0,A% + foreAb AC, (5)
equivalently, in matriz notation with A, = AT,

Fu = 0,4, — 0,4, —i[A,, A). (6)

11
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Proof. Pull back Equation (4) by the section s: F = dA+ A A A (pullback commutes with
d and with wedge products). Expand each term in components. The exterior derivative
contributes dA = 9, A% T dz A dz” = (9, A% — Oy AT dxt N dx” (antisymmetrising, since
dxt Adz¥ is already antisymmetric). The wedge term contributes A A A = AZAl; TT® dat A da¥;
antisymmetrising in pu, v,

ANA=F(ALAL — ALADTOT® da N da” = $ASAD [T, T%) dat* A da”,

using that T°T° dzt A dz¥ summed over a,b, u,v is automatically antisymmetrised by the
2-form, so only the antisymmetric part %[T @ TP of T*T" survives. Substituting the structure-
constant relation (2), [T%, T?] = i f®°T¢, gives ANA = % f abCAZAl; T¢dx* Adx¥. Adding the two
contributions and reading off the coefficient of £7°° dz* Adx" gives F, i = OuAL, =0, Ay +i fC“bAZAZb,;
relabelling dummy indices and using total antisymmetry of f (Proposition 2.4(i)) to write
ife® = fa up to the real/imaginary bookkeeping of the chosen normalisation reproduces (5).
Equation (6) is the same statement written without expanding in the basis 7%, using AZAZC, [T, T

summed antisymmetrically equals AZA(; i folT? matched against —i[A,, Ay] term-by-term. [

Remark 3.1 (Reconciling normalisations with the article). [Article, §2] writes F),, = 0,4, —0,A,+
ig[A,, Ay], with an explicit coupling constant g inside the commutator, and correspondingly
D, = 0, +igA,. This is the “physicist’s convention” (matching Peskin & Schroeder Peskin &
Schroeder (1995)), in which the coupling multiplies the gauge field inside the covariant derivative
rather than sitting as an overall 1/g? prefactor on the action. It is related to Equation (6) above
by the trivial rescaling A, — gA,: under this rescaling, F},, — ¢(0,A4, — 0, A, —i[Au, A)) +. ..,
and one recovers exactly the article’s formula. Both conventions appear throughout the literature
(compare, e.g., the 1/g2-prefactor convention used in differential-geometry-first treatments); we
use the geometer’s convention (Equation (6), coupling-free F') throughout the bundle-theoretic
derivations of this section for notational simplicity, and switch to the article’s coupling-explicit
convention starting in §4, where we derive the action and flag the rescaling explicitly.

Definition 3.6 (Covariant derivative). In the article’s coupling-explicit convention of Remark 3.1,
the gauge-covariant derivative acting on a field v in a representation p of G is

Dy = 0y +ig P(Au)wa

which for ¢ in the fundamental representation reads D, = 0, + igA,, and for ¢ = X valued
in the adjoint representation (as for F),, itself, Example 2.7) reads D, X = 0,X + ig[A,, X],
matching the operator used in the proof of Theorem 4.1.

Example 3.4 (Maxwell as the abelian special case). For G = U(1), f%¢ =0 (Remark 2.2), so
Equation (5) collapses to F),, = 9, A, — 0, A,, the ordinary electromagnetic field-strength tensor,
with Fp; the electric field components and Fj; the magnetic field components.

Theorem 3.2 (Bianchi identity). d,F = 0, where d,, := d + [A,-] is the exterior covariant
derivative. In components, this reads Dy, Fy, =0 (cyclic sum over p,v,p), and for G = U(1)
reduces to O, F,, =0, i.e. V- B=0andVx E+8B=0.

Proof. Differentiate F' = dA+ AN A: dF = d(dA) +d(ANA) =0+dANA— ANdA (using

d? = 0 and the graded Leibniz rule for a 1-form wedged with itself, which introduces a relative
sign). Write dA = F' — A A A from the definition and substitute:

dF = (F —ANA)NA—ANF —ANA)=FNA—-ANF —ANANA+ANANA.

The cubic terms cancel identically, leaving dFF = FAA— AN F =: —[A, F] (this is the definition
of the bracket of a 1-form and a 2-form valued in a Lie algebra, using the graded commutator).
Hence dF + [A, F] =0, i.e. d, F = 0 as claimed. O

12
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3.5 Gauge transformations: how A and F' move

Theorem 3.3 (Transformation law). Under a change of local trivialisation s — s’ = sg for
g:U—G,
A— A9 =g Ag+ g ldg, F—F9=g'Fg. (7)

Proof. The transformation of A is Equation (3) of Proposition 3.1, proved there directly from
the equivariance axiom of a connection. For F: differentiate A9 = ¢~ 'Ag + ¢~ 'dyg,

dAY =dg ' NAg+ g ldAg— g tANdg + d(gtdg).

Using g~ tdg = —dg~ ! - g (differentiate gg~! = e) to rewrite dg~! = —g~'dgg~!, and d(g~'dg) =

dg ' Ndg=—g tdgg ' Ndg = —g~'dg A g~'dg (since g~! is matrix-valued but O-form-valued,
it commutes past the wedge), a direct but lengthy expansion (left as Exercise 3) shows all cross
terms combine so that

F9:=dA9 + A9 A A9 = g*l(dA—kA/\A)g :Qing'
0

Example 3.5. For G = U(1), g = €%, g'dg = ida, and (7) gives A — A + ida (Maxwell’s
gauge transformation) while ' — F' is exactly invariant, consistent with the physical field
strength being unaffected by a choice of gauge.

Remark 3.2. Theorem 3.3 is the geometric reason the Yang—Mills action of §4 — built from traces
of F,, F* — is gauge invariant: the trace is invariant under conjugation, tr(¢~'Fgg~'Fg) =
tr(g~1F2%g) = tr(F?) by cyclicity of the trace. This is also exactly the scaling test noted in [Article,
§3]: since F' transforms homogeneously (linearly, by conjugation) rather than inhomogeneously
(like A, which picks up the additive g~ 'dg term), any invariant built purely from F — not from
A alone — is a legitimate observable.

3.6 Parallel transport, holonomy, and Wilson loops

Definition 3.7 (Parallel transport). Along a path v : [0,1] — M, the operator of parallel
transport is the unique U(7y) € G solving

Y A6 OU=0,  UO)=T,

ie. U(y) = Pexp(— I A), the path-ordered exponential.

Definition 3.8 (Wilson loop). For a closed loop v and a representation p of G, the Wilson loop
is

W,(7) = tr, Pexp(—ﬁA).

By Theorem 3.3, U(~) transforms by conjugation at its endpoint under a gauge transformation,
so W,(7), involving a trace around a closed loop, is gauge invariant.

Proposition 3.2 (Curvature as the holonomy defect). For an infinitesimal rectangular loop of
sides e,m in the (x,y)-plane, the Wilson loop satisfies

W) =1—enkyy+ 0(53a773)'

13
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Worked computation. Take a constant magnetic field B = B2 in the Landau gauge A, = 0,
Ay = Bz (so Fyy = 0, Ay — 0yA; = B, matching Example 3.4). On the horizontal sides (y = 0
and y =), y = 0so A, 4" = A,y = 0: no phase is accumulated. On the left vertical side (z = 0),
Ay = 0: no phase. On the right vertical side (z = ¢), A, = Be, and integrating from y = 0 to
y = n gives Uyignt = exp(— [o Be dy) = e "B (restoring the conventional factor of i appropriate
to U(1)). Multiplying the four segment holonomies around the loop gives W (y) = =81 = =i
with ® = Ben the flux through the loop; expanding the exponential to first order in the (small)
area en gives the stated formula with F,, = B. The non-abelian generalisation replaces the scalar
phase with the matrix statement W, W, W~ IWy_ =T+ F weln” + -+ curvature is literally the
failure of parallel transports around two different edges of an infinitesimal square to commute,
which is the origin of the very name “non-abelian gauge field.” O

Example 3.6 (The Aharonov—Bohm effect). Two electron paths enclosing a solenoid of flux ®
(with B = 0 along both paths) acquire a relative phase ¢©®/" via & = $, A= | B, detectable
as an interference shift even though the field strength vanishes everywhere the electron travels.
This shows that the connection A — not merely the curvature F' — carries physical, measurable
information whenever the base space is not simply connected; it is the earliest and cleanest
experimental demonstration that gauge potentials are not mere book-keeping devices.

HFThot Lab Reference — pysic-rs

[Article, §10] validates the non-commutativity of su(2) and su(3) (Examples 2.5, 2.6) directly via
su2_structure_constants() and su3_structure_constants(), and checks the Jacobi identity
of Proposition 2.4(ii) to machine precision (~ 1071¢). The bundle-theoretic objects of this section
(connections, curvature, Wilson loops) correspond to the “Yang—Mills core” the article flags as
under repair at the time of writing.

Exercises.

1. Derive Equation (5) directly from F' = dA + A A A by expanding both sides in components
(fill in the steps of Theorem 3.1 without skipping the antisymmetrisation).

2. Verify that for G = U(1), the Yang-Mills-style action built from tr(F),, F'*) reduces to
—i [ Fu FH d*x for a suitable normalisation of 7' = i.

3. Complete the omitted algebra in the proof of Theorem 3.3: show that all cross terms in
dA9 combine correctly to give F9 = g~ Fg.

4. Compute the Wilson loop on the unit circle in the (z,y)-plane for the symmetric gauge
Ay = —%y, Ay = %yc of a uniform field B, and check it agrees with Proposition 3.2.

Solutions

Solution to Exercise 1. This is the content of the proof of Theorem 3.1: expand dA = 0, A;T* dx# A

dx, antisymmetrise using dz* A dx” = —dx” Adz* to get the %(OHAﬁ — 0y Af,) coefficient; expand
ANA = AZA,@T“TI’ dz* A dz¥, antisymmetrise in (p,v) to isolate 3[T'%,T?), and substitute
(T2, T% = i fo°T¢; add the two results and read off the coefficient of T¢ dat A da”. O
Solution to Exercise 2. With T' =i (the generator of u(1) =iR), tr(i-i) = —1 (a 1 x 1 “trace”),
so tr(F),, F*) = —F,, F'* where the right-hand side uses the real-valued Maxwell tensor; with
the normalisation S = —% [ tr(FF)d'z this becomes S = } [ F,, F* d'z = 5 [(E? — B?)d'z
up to the overall sign convention fixed once and for all in §4. O

14
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Solution to Exercise 3. Set A9 = g~ 'Ag + g~ 'dg =: B. Then dB = d(¢g~') AN Ag + g~ 'dAg —
g YANdg+d(g ') Adg. Using d(g~ ') = —g~1(dg)g~! (from differentiating g~ g = I) throughout
and collecting terms, dB = —¢g 'dgg 'Ag + g 'dAg — g "AANdg — g 'dgg™' A dg. Also
BAB =g 'YAgNngtAg+ g tAgAgtdg+ g tdg A g tAg+ g tdg A gTldg = g LA N Ag +
g 'Adg+ g tdgg ' Ag+ g 'dg A g 'dg (using g g~ = I inside each product to cancel adjacent
factors). Adding dB + B A B, the four terms containing a single power of dg or d(g~!) cancel
in pairs, the two terms quadratic in dg cancel exactly (they are equal in magnitude, opposite
sign, as —g tdg g~!' A dg versus +g 'dg A g~ 'dg, and g~! A dg commutes past the O-form g—!),
leaving exactly ¢ 1(dA+ AN A)g =g ' Fg. O

Solution to Exercise 4. The loop integral § A = §(A, dx+ A, dy) on the unit circle parametrised
by (cosf,sinf) evaluates, by Stokes’ theorem, to the flux through the enclosed disk: § A =
Jsis Foy dzdy = B - 7(1)? = Brr. Hence W = e~*B™, matching Proposition 3.2 in the limit of
a small loop and generalising it to a finite one — this is exactly the Aharonov-Bohm phase of
Example 3.6 for a loop that directly encloses the field rather than a flux tube outside the field
region. [
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4 The Yang—Mills Action and Field Equations

[Article, §3] writes down the Yang-Mills action and the field equation D,F* = J¥ without
derivation. Given §3’s curvature Fy,, = 0,4, — 0, A, +ig[A,, A,] (physicist convention, Re-
mark 3.1), we derive both the action and the equation of motion it produces, and explain precisely
why the result is nonlinear even in the total absence of matter — the single fact that makes
Yang—Mills theory qualitatively harder than Maxwell theory.

4.1 The action functional

Definition 4.1 (Yang-Mills action). For a connection A, valued in the Lie algebra g of a
compact gauge group G, with curvature F},,, as above, the Yang-Mills action is

1
Sym[A] = -1 / d*z Fi, P, (8)

where F),,, = Fj;, T and indices are raised with the Minkowski metric n*” = diag(1, -1, -1, —1).
Equivalently, using the trace form tr(7°7%) = $6% fixed in §2, Sym = —3 [ tr(F, F*).

Key Insight

Two features distinguish (8) from an arbitrary functional of A,,. First, it is gauge invariant:
under A — A9 = g~ 'Ag + g 'dg, Theorem 3.3 gives F' + g 'Fg, and the trace form
is invariant under conjugation, so tr(Fy, ") is unchanged. Second, it contains no
dimensionful parameter: in four spacetime dimensions [F),,] has mass dimension 2, so
[ d*z F? is dimensionless as required of an action (in units 7 = ¢ = 1), with no coefficient
needed. Classical Yang—Mills theory is therefore scale-invariant — a fact we return to in
§6 when the quantum theory turns out not to be.

4.2 Variation and the field equations

Theorem 4.1 (Yang-Mills field equations). Varying (8) with respect to A, coupled to a matter
current J¥ = JY“T* through a minimally-coupled matter action Smatter|A4, V] with 0 Smatter/IA% =
JY?, yields the Fuler—Lagrange equation

D, F* =J¥, where D, F" .= 0, F" +ig[A,, F*"]. (9)

Proof. Write Syy = —% Jtr(FuF*) and vary A, — A, + §A,. Since Fy, = 0,A, — 0, A, +
ig[A,lM Au]a

0F,, = 0u0A, —0,0A, +1ig[6A,, A)] +iglA,, 0A)] = DA, — D,6A,,

where D, X = 0,X + ig[A,, X] is the adjoint-action covariant derivative of Definition 3.6
(extended, exactly as in §3, from fields in the fundamental representation to Lie-algebra-valued

fields in the adjoint representation, where [T, -] replaces T acting by matrix multiplication).
Then

5Syy = — / tr(F6F,,) = - / tr(F™ (D6 A, — D,6A,)) = —2 / tr(F™ D,5A,),

using antisymmetry of F*¥ in u <> v to combine the two terms. Integrating by parts (the
boundary term vanishes for compactly-supported or suitably decaying 0A4,, and tr(D,XY') =
Optr(XY) —tr(XD,Y) since tr([A4,, X]Y) = —tr(X[A,,Y]) by cyclicity of the trace),

5SYM = 2/tr(DuF‘“’ (SAV)

16
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Adding 6Smatter = [ JY*6AL =2 [tr(JVSA,) (using tr(T°T") = 36%) and demanding 6(Sym +
Smatter) = 0 for arbitrary §A, gives D, F* = J” as claimed. O

Key Insight

[Article link] This is exactly [Article, §3]’s equation. Compare Maxwell’s inhomogeneous
equation 0, F'*” = J¥: here the ordinary derivative 9, is replaced by the covariant derivative
D, =0, +ig[Ay,-], and [A,, F*’] # 0 in general once G is non-abelian. Expanding (9)
fully,

auFa,uu + gfabcAch,ul/ _ Jaz/’

which — since F*¥ already contains a term quadratic in A (Theorem 3.1) — makes (9) a
genuinely nonlinear second-order PDE in A, cubic and quartic terms included, even when
JY = 0. This is the precise technical content of [Article, §2]’s claim that non-commutativity
“makes the equations non-linear”: Maxwell’s vacuum equations are linear (the superposition
of two solutions is a solution); the Yang-Mills vacuum equations are not.

Key Insight

[The other half: Bianchi is already proved| Section 3’s Theorem 3.2 already established
dyF =0, ie. D|,F,, =0, for any connection whatsoever — purely as a consequence of
F =dA+ AN A, with no appeal to an action or equations of motion. Together with
Theorem 4.1, this reproduces exactly Maxwell’s two pairs of equations: D, F* = JV is
the “dynamical” half (Gauss and Ampere’s laws, generalised, holding only on-shell for
field configurations that extremise the action), and Dy, F,, = 0 is the “kinematic” half
(no magnetic monopoles, Faraday’s law), true off-shell of any field strength built from a
potential A,.

17
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5 Constructive Quantum Field Theory and the Mass Gap

[Article, §5] states the Clay Millennium Problem in one paragraph. This section unpacks every
technical term in that paragraph: what it means for a quantum field theory to “exist” in a
mathematically rigorous sense, and what a “mass gap” is as a spectral statement about that
theory’s Hamiltonian.

5.1 Why quantisation is a separate, harder problem

Section 4 constructed classical Yang—Mills theory: a well-posed (at the level of formal PDE
theory) classical field theory with an action, equations of motion, and conserved quantities.
Nothing in that construction mentions particles, masses, or Planck’s constant. Physically, a
quantum field theory is supposed to be obtained from the classical one by some quantisation
procedure (canonical quantisation, path integration, ...); for a free field (no self-interaction, e.g.
Maxwell theory) this is textbook material with no outstanding rigour gaps. For an interacting
field theory in 341 spacetime dimensions, no such rigorous construction is known even for the
comparatively simple ¢* scalar theory believed to be trivial (interaction-free) in the continuum
limit, let alone for a genuinely interacting, asymptotically-free, non-abelian gauge theory. “Does
quantum Yang—Mills theory exist, as a mathematically well-defined object satisfying the axioms
physicists assume it satisfies?” is therefore a real open question, independent of anything one
might prove about that object once it exists.

5.2 The axioms: what “existing” means

Definition 5.1 (Wightman axioms, informally). A relativistic quantum field theory in the
Wightman sense Streater & Wightman (2000) consists of a Hilbert space H with a unitary
representation of the Poincaré group, a unique Poincaré-invariant vacuum state €2 € H, and field
operators ¢(z) (technically, operator-valued distributions) satisfying:

(W1) Relativistic covariance: the fields transform correctly under Poincaré transformations.

(W2) Spectrum condition: the joint spectrum of the energy—momentum operators P* lies in
the forward light cone {p : p?> > 0, p° > 0} — physically, no negative energies, and the
vacuum £2 has P#{) = 0, the unique lowest-energy state.

(W3) Locality (microcausality): fields at spacelike separation (anti)commute, [¢(z), #(y)] =0
for (x — y)? < 0 — no faster-than-light signalling.

(W4) Vacuum cyclicity: polynomials in the smeared fields acting on 2 span a dense subspace
of H — the vacuum “generates everything.”

Key Insight

The Clay Institute’s official problem statement Jaffe & Witten (2000) uses the closely
related Osterwalder—Schrader axioms, an equivalent formulation in Euclidean (imaginary
time) signature built around a positivity condition (reflection positivity) on Euclidean
correlation functions, which the Osterwalder—Schrader reconstruction theorem shows is
equivalent to the Wightman axioms after Wick rotation back to Lorentzian signature. We
state the problem in the Wightman language since it makes the physical content (existence
of a well-defined Hilbert space of states, with the right causal structure) more transparent;
the two formulations are mathematically equivalent for the purposes of this primer.

18
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5.3 The mass gap, precisely

Definition 5.2 (Mass gap). A quantum field theory satisfying Definition 5.1 is said to have
a mass gap A > 0 if the spectrum of the Hamiltonian H = PV, restricted to the orthogonal
complement of the vacuum {Q2}+, is contained in [A, co) for some A > 0. Equivalently: 0 is
an isolated point of the energy spectrum (the vacuum energy, by convention normalised to 0),
separated by a finite gap from the rest of the spectrum, which starts at A — the mass of the
lightest particle the theory admits.

Theorem 5.1 (Yang—Mills existence and mass gap — Clay Millennium Problem). Statement
(Jaffe-Witten Jaffe & Witten (2000)). For any compact simple gauge group G (e.g. G = SU(N),
N >2), prove that a non-trivial quantum Yang—Mills theory exists on R* and has a mass gap
A > 0, in the sense of Definitions 5.1 and 5.2.

Key Insight

[Article link] Note carefully what Theorem 5.1 does not ask. It does not ask for a formula
for A, nor for the value of the lightest glueball mass, nor for a proof that QCD (Yang—Mills
coupled to quarks) confines. Lattice-QCD simulations already compute a numerical glueball
spectrum to good precision Morningstar & Peardon (1999), and there is no serious physical
doubt that the mass gap exists — the problem is proving it exists as a consequence of a
mathematically well-defined quantum field theory satisfying Definition 5.1, rather than as
a numerically observed feature of a lattice discretisation or a perturbative approximation,
neither of which currently has a proven continuum limit with all the required axiomatic
properties.

Remark 5.1 (Why a mass gap is surprising here). Recall from the Key Insight after Definition 4.1
that the classical action (8) contains no mass parameter and no dimensionful coupling: classical
Yang—Mills theory is scale-invariant. A mass gap A is a dimensionful quantity. Theorem 5.1
therefore asks, in effect, for a mechanism by which a classically scale-invariant theory produces a
genuine mass scale upon quantisation — a phenomenon called dimensional transmutation, and
the subject of the next section.

19



6 ASYMPTOTIC FREEDOM HFThot Research Lab

6 Asymptotic Freedom

[Article, §6] states that the Yang—Mills coupling “runs” and becomes weak at short distances.
We derive the running and explain why it resolves Remark 5.1’s puzzle.

6.1 The beta function

Definition 6.1 (Running coupling and beta function). Quantising (8) perturbatively requires
renormalisation: the bare coupling ¢ is replaced by a coupling g(u) that depends on an energy
scale p introduced by the renormalisation procedure. The beta function governs this dependence,

dg
Blg) = H@-
Theorem 6.1 (One-loop beta function of SU(N) Yang-Mills). For SU(N) Yang-Mills theory

coupled to ny Dirac fermions in the fundamental representation, the one-loop beta function is

11 2
5+ 0(g°), bo = EN - gny- (10)

bo

B(g) = _].67729

Key Insight

We state Theorem 6.1 rather than derive it in full: the one-loop calculation requires the
vacuum-polarisation Feynman diagrams (gluon loop, ghost loop, and fermion loop) and
their regularisation, which is beyond this primer’s scope (see Peskin & Schroeder Peskin &
Schroeder (1995), Ch. 16, for the complete computation). What we can explain without
the diagrams is the sign, which is the physically essential point.

Proposition 6.1 (Sign of by and asymptotic freedom). For pure SU(N) Yang—Mills (ny =0),
by = 13—1]\7 > 0. More generally by > 0 (asymptotic freedom) as long as ny < % — satisfied
by QCD (N = 3, ny = 6, bound 16.5). A positive by means 3(g) < 0 for g > 0: the coupling

decreases as 12 mncreases.

Proof. Immediate from (10): B(g) = — lgfrz g> has the opposite sign to by for g > 0. Solving the
flow equation pdg/du = B(g) with as(u) = g(u)?/4n gives
. as(:u')
as(Q) - bo as(ﬂ) ) (11)
I+ = In(Q/n)

which — 0 as @ — oo when by > 0: the theory becomes free (non-interacting) at short distance /
high energy, hence asymptotically free Gross & Wilczek (1973); Politzer (1973). O

Key Insight

[Article link — dimensional transmutation] Equation (11) also runs the other way: as
@ — 0 (long distance), the denominator shrinks and a; grows, diverging (formally) at a

scale
2T

bo as(ﬂ) ) .

Aqcp is a genuine mass scale (~ 200-300 MeV for real QCD), generated entirely by quantum
corrections (Theorem 6.1) from a classical theory (Definition 4.1) that contained no mass

Aqcp = MeXp(—
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parameter to begin with — this is dimensional transmutation, resolving Remark 5.1: the
mass gap A of Theorem 5.1 is expected to be proportional to this same Aqcp, not to
some input parameter of the Lagrangian. [Article, §6] describes exactly this running
qualitatively; here it is the explicit content of (11).
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7 Instantons and Topological Charge

[Article, §6-§7] introduces instantons and #-vacua. This section builds the topological classification
behind both.

7.1 Euclidean action and the Bogomolny bound

Working in Euclidean signature (Wick-rotated ¢ — —ir, so that the path integral weight is e~
rather than e*® ) turns finite- action solutions of the classical field equations into saddle points
that dominate the path integral at weak coupling — these are instantons.

Definition 7.1 (Topological charge). For a finite-Euclidean-action connection A,, on R* (equiv-
alently, on S* after one-point compactification, since finite action forces A, — pure gauge at
infinity), the topological charge is

1
1672 Jpa

d'x te(F,F),  FW = Lewmop, (12)

Proposition 7.1 (Quantisation of k). k € Z. Configurations of charge k are classified, up to
continuous deformation, by the boundary map AM|S§O : §3 = G, whose homotopy class lies in
m3(G); for G =SU(N), N > 2, 73(SU(N)) = Z, and k is exactly this winding number.

Proof sketch. tr(Fﬁ’) is (up to normalisation) the Pontryagin density, which is a total derivative,
tr(FAF) =d tr(ANdA+ %A/\A/\A) (a direct, if lengthy, computation using the Bianchi identity
of Theorem 3.2). By Stokes’ theorem the integral therefore reduces to a boundary integral over
53 of the Chern-Simons form, which is exactly the degree of the map A,| 53 representing an
element of 73(G) = Z (a standard fact of Lie group topology, stated here without proof; see
Nakahara Nakahara (2003), Ch. 10, for the full argument). O

Theorem 7.1 (Bogomolny bound and self-duality). For fized topological charge k, the Fuclidean
Yang-Mills action Sg = 3 [ tr(F,, F*) satisfies

872
55 2 1K, (13)

with equality if and only if F is self-dual (F = F, for k > 0) or anti-self-dual (F = —F, for
k<0).

Proof. Write F),, = Fj[y where FT := %(F:l:ﬁ') are the self-dual/anti-self-dual parts (ﬁ =4+ F*,

using F = F in four Euclidean dimensions). Then tr(F2) = tr((F* + F7)?) = tr((F1)2) +
tr((F~)?) (the cross term vanishes since F* and F~ are orthogonal under the trace form),
while tr(FF) = tr((F)2) — tr((F~)?). Hence, up to the same overall normalisation as (13),
Sg o< tr((FT)?) + tr((F7)?) > |tr((F1)?) — tr((F7)?)| o |k|, an elementary a +b > |a — b|
inequality for a,b > 0 (each trace-squared term is non-negative for compact G), with equality iff
one of '™, F'~ vanishes, i.e. F' is purely self-dual or purely anti-self-dual. O

Practical Application

[BPST instanton] The bound (13) is saturated, for G = SU(2) and k = 1, by the explicit
Belavin—Polyakov—Schwartz—Tyupkin solution Belavin et al. (1975) centred at zp with
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scale p,
2 a T —x 14
A (a) = 2 Tz — 20"
g (x—x0)*+p
where 77, is the 't Hooft symbol. This is the “instanton” referred to qualitatively in [Article,

§6]: a localised, finite-action classical solution in Euclidean space with unit topological
charge and action exactly 872/g¢°.

7.2 0-vacua
Key Insight

[Article link]| Because instantons of charge k # 0 mediate quantum-mechanical tunnelling
between classical vacua labelled by different (but gauge- equivalent) values of a Chern—
Simons-type boundary term, the true quantum vacuum is not any single classical vacuum
|n) but a coherent superposition

6) => e™n),  6e0,2m),
neEL

one for each value of a new physical parameter § — exactly [Article, §7]’s “f-vacua.”
Different 6-vacua are physically inequivalent (superselection sectors) and 6 # 0 generates a
CP-violating term 3925’; > tr(F' F ) in the Lagrangian; experimental bounds on the neutron
electric dipole moment constrain |§] < 10710 in real QCD (the unexplained smallness of

this number is the “strong CP problem,” a separate open question from Theorem 5.1).
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8 The Higgs Mechanism

[Article, §8] asks why the Higgs mechanism is a different phenomenon from the Yang-Mills mass
gap, despite both being about “how gauge bosons get mass.” This section derives the Higgs
mass-generation mechanism so the contrast can be made precise.

Definition 8.1 (Higgs sector). Add to the gauge theory a scalar field ¢ valued in a representation
of G (for the electroweak theory, a complex SU(2) doublet), with Lagrangian

N
Ly=—(Dud) (D"0) —V(6),  V(e)=A(lef-%), Av>0,
where D, ¢ = 0,¢ +1igA, ¢ is the covariant derivative of Definition 3.6 in ¢’s representation.

Proposition 8.1 (Spontaneous symmetry breaking and gauge-boson mass). V(¢) is minimised
not at ¢ = 0 but on the sphere |¢|?> = v?/2 (the “Mezican hat”). Ezpanding around a chosen
ground state (¢) = v/\/2 (fizing a gauge, “unitary gauge”), the kinetic term |D,¢|* produces a
mass term

%mzAZAa“, m = gv,
for the gauge bosons associated to every generator T® that does not annihilate (¢) (the “broken”
generators); gauge bosons for generators that do annihilate (¢) remain exactly massless.

Proof sketch. Write ¢ = %(v + h) in unitary gauge, h real (the physical Higgs boson). Then

D,¢ = %(8,/1 +igAu(v+h)), and |D,¢|? contains the cross term %Q2U2AZAQ‘M (from the A, -v
piece, squared) whenever T%(¢) # 0; if T%(¢) = 0 that generator’s gauge field never multiplies
the vev and gets no mass term. Comparing to the standard Proca mass term %mZA“A“ identifies

m = gv. O
Key Insight

[Article link — why this is a different mechanism from Theorem 5.1] Three structural
differences separate Proposition 8.1 from the mass gap of Theorem 5.1:

1. An elementary field with a classical vev. Proposition 8.1 requires an extra field
¢, absent from pure Yang—Mills theory (Definition 4.1), and a classical, non-zero
value (¢) = v/v/2 already present at tree level. The Yang-Mills mass gap has no
analogous elementary field or classical vev: the gauge field A, itself stays classically
massless (Remark 5.1); if a gap exists it is a purely quantum, non-perturbative effect
of the interacting theory.

2. Perturbative vs. non-perturbative. Proposition 8.1 is a tree-level (classical)
computation, systematically correctable order-by-order in perturbation theory —
this is why the 2012 discovery of the Higgs boson confirmed the mechanism to
high precision. Nothing resembling Theorem 5.1’s existence-plus-gap statement is
expected to be visible order-by-order in perturbation theory: the running coupling
as(Q) of (11) diverges at @ ~ Aqcp, precisely the regime where confinement and
the mass gap are expected to live, so perturbation theory breaks down exactly where
the interesting physics is.

3. Rigour status. Proposition 8.1’s derivation, modulo the general open problem of
constructing interacting QFT rigorously in four dimensions (§5’s introduction), is
uncontroversial physics. Theorem 5.1 is an unsolved Millennium Problem.
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In short: the Higgs mechanism is a mechanism for some gauge bosons to acquire mass, in
a theory built precisely so that they do, and is under good theoretical and experimental
control; a Yang—Mills mass gap (e.g. for the gluons of pure QCD, which receive no Higgs
coupling) would have to arise with no elementary scalar and no classical vev at all, from
the interacting quantum dynamics alone — which is why it is open.
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9 Connecting the Pieces: Roadmap to the Article

This closing section walks through the article section by section, quoting its claims and pointing
to the exact result in this primer that justifies each one.

1, Preliminaries.

n-commutativity.

d field equations.

exact statement.

n and instantons.

wrge and f-vacua.
Tiggs connection.

-rs code recipes).

“A gauge transformation is a position-dependent phase rotation of the wavefunction...
repairing the derivative requires a compensating field.” This is the physical motivation for
Definition 3.4 (a connection on a principal bundle) in §3: the gauge field A, is precisely
the compensating term that turns an ordinary derivative into the covariant derivative
D, = 0, +1igA, of Definition 3.6.

“For non-abelian G, gauge transformations don’t commute, and this makes the field
equations non-linear.” The non-commutativity is Definition 2.4’s Lie bracket [T%,T?] =
ifebeTe with f2¢ £ 0 (§2); the resulting non-linearity of the field equations is made precise
in the Key Insight following Theorem 4.1.

Exactly Definition 4.1 and Theorem 4.1 of §4, derived here from the variational principle.

Exactly Theorem 5.1 of §5, with Definitions 5.1-5.2 supplying the rigorous meaning of
every term in the Clay Institute’s one-paragraph statement.

The running coupling is Theorem 6.1 and Equation (11) of §6; instantons are Theorem 7.1
and the BPST solution of §7.

Exactly Definition 7.1, Proposition 7.1, and the #-vacuum Key Insight of §7.
Exactly Proposition 8.1 and the three-point contrast in the Key Insight following it, in §8.

These sections of the article are narrative, speculative-physics, or purely computational,
and do not require additional mathematical machinery beyond what §4 already supplies
(the field equations being what any numerical solver, including pysic-rs’s gauge-theory
module, actually discretises and solves).
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10 Notation and Symbol Table

Symbol Meaning

G, g Compact gauge group and its Lie algebra

Te, fobe Generators of g; structure constants, [T'%, T%] = i feb¢T*
Ay = AT Gauge field (connection 1-form component)
F,, = F;,T* Field strength (curvature 2-form component)
D, Gauge-covariant derivative

g Gauge coupling constant

SvyM Yang—Mills action, Definition 4.1

JY Matter (source) current

A Mass gap, Definition 5.2

as = g2 /4n Strong (running) coupling

bo One-loop beta-function coefficient, (10)

Aqcp Dynamically generated confinement scale

k Topological (instanton) charge, Definition 7.1
0 Vacuum angle, #-vacuum parameter

v Higgs vacuum expectation value

m = gu Gauge-boson mass from the Higgs mechanism

Table 2: Notation used throughout this primer, consistent with the companion article and with
the author’s Prerequisites for Chern—Simons Theory.
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